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Abstract 
The considered problem is devoted to the investigating of the mixed convection micropolar nanofluid 
flow over a horizontal circular cylinder. The constant wall temperature boundary condition is also 
possessed into account. To be more particular, the physical case of micropolar nanofluid in the presence 
of graphene oxide suspended in three base fluids, such as water, methanol, and kerosene are 
mathematically modeled in terms of PDEs. These equations are first converted into dimensionless form 
and then solved with the help of Keller-Box method, numerically. The model used for the micropolar 
nanofluid depends on the impacts of nanoparticles volume fraction 𝜒𝜒, material parameter 𝐾𝐾 and mixed 
convection parameters 𝜆𝜆. Numerical solutions for local skin friction 𝐶𝐶𝑓𝑓 and local Nusselt number 𝑁𝑁𝑁𝑁, as 
well as temperature, velocity, and angular velocity profiles are discussed through figures and tabular 
form. It is noticed that 𝐶𝐶𝑓𝑓, 𝑁𝑁𝑁𝑁 and temperature are increased with increase 𝜒𝜒. Also, GO–water based 
micropolar nanofluid has a higher temperature, velocity and angular velocity compared with GO–
kerosene or GO–methanol). The accuracy of the present results is notarized by equating them with 
the previous literature.. 
Keywords: Heat transfer; Mixed convection; Micropolar nanofluid; Keller–Box method; Circular cylinder. 

1. Introduction

The nanofluid expression was first conducted by Choi and Eastman [1] to explain the reduc-
tion with size less than 100 nm particles in the base fluid [2], such as water, ethylene glycol 
and kerosene [3]. The distinct discussions in fluid dynamics from different researchers formed 
it so clear that the presence of nanoparticles in the fluids produces to increasing the thermal 
conductivity of the fluid itself and therefore enhances the heat transfer characteristics [4]. 
Recently, the nanofluids have established wide usages in medical engineering and industrial 
which are frequently developing [5-6]. Nanofluids are engineered colloids involving a base fluid 
(e.g., water, kerosene). Nanofluids typically utilize mineral or mineral oxide nanoparticles, 
such as silver, iron, titanium oxide, and graphene oxide, and generally, the base fluid carries 
a conductivity property, such as kerosene, water, or ethylene glycol [7-8]. A considerable num-
ber of experimental and theoretical researches have been taken out by many studies on the 
thermal conductivity of nanofluids, it can be found in [9–13]. Important investigation on the 
boundary layer flow (BLF) of a nanofluid over a horizontal circular cylinder has been considered 
by Tham et al. [14] using Tiwari and Das [2] model. Najib et al. [15] studied the BLF and mass 
transfer on stagnation point over a shrinking cylinder in a nanofluid. Swalmeh et al. [16] con-
sidered the micropolar nanofluid BLF on the solid sphere under free convection effects. More 
studies on various sides of nanofluids over circular cylinder can be found in [17–21]. 
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The non–Newtonian fluids have received great notice in the recent few years. Boundary 
layer theory has been utilized swimmingly to different non–Newtonian fluid models. To obtain 
examples of non-Newtonian fluids, we can mention liquid soaps, cosmetic products, dairy 
products such as cheese and butter and biological fluids like blood and saliva. Depending on 
the special properties of Non–Newtonian fluids, these fluids can divide into several kinds, such 
as Jefferly, Casson, Eyring–Powell, Crreau, Walter’s–B and micropolar fluids. The micropolar 
theory was first conducted by Eringen [22-23]. In this theory, the micropolar fluid explains the 
micro–rotational impacts and micro–inertia. Later on, important studies have been done on 
the micropolar fluid to search for the significant results associated with various flow problems. 
The numerical solutions of convection BLF in micropolar over a circular cylinder by using Kel-
ler–Box method were considered by Nazar [24]. Heat transfer in micropolar fluid on a vertical 
cylinder has been analyzed by Rehman and Nadeem [25]. Furthermore, Swalmeh et al. [10,26], 
applied the Keller–Box method to examine BLF in the presence of micropolar nanofluid with 
constant wall temperature and constant heat flux. Lately, other notable researches on mi-
cropolar fluids comprise those by [27-28]. 

The heat transfer characteristics in the existence of mixed convection BLF about a circular 
cylinder have a wide extent in applied engineering, such as solar power, microelectronics to 
nuclear reactors [29–31]. Recently, the many papers in mixed convection BLF for a circular 
cylinder with various types of fluids were presented by several researchers as [32–35]. Depend-
ing on the previous researches, mixed convection BLF of a micropolar nanofluids on a hori-
zontal circular cylinder with constant wall temperature is not studied. Furthermore, the current 
article inspects the mixed convection flow of a micropolar nanofluid over a horizontal circular 
cylinder. The pertinent PDE’s are transformed to non–dimensional forms by using appropriate 
conversion and then solved by applying the Keller–Box scheme. The relevant notes of this 
investigation are recorded in the conclusions. 

2. Basic equations 

 
Figure 1. Systematic diagram of the present 
problem 

A steady BLF of a micropolar nanofluid 
from a horizontal circular cylinder with radius 
𝑎𝑎, with constant heat flux, which is immersed 
in a viscous and incompressible fluid, is 
taken. Furthermore, the free stream velocity 
is directed vertically upward with 𝑞𝑞_𝑤𝑤 > 0 for 
assisting flow and 𝑞𝑞_𝑤𝑤 < 0 for opposing flow 
as shown in Figure 1. 

Under Tiwari and Das [2], the governing 
equations of micropolar nanofluid for the 
contemporary problem are: 

 

 
𝜕𝜕𝑢𝑢�
𝜕𝜕𝑥𝑥�
𝑁𝑁 + 𝜕𝜕𝑣𝑣�

𝜕𝜕𝑦𝑦�
= 0,                           (1) 

𝑁𝑁�
𝜕𝜕𝑁𝑁�
𝜕𝜕𝑥𝑥�

+ 𝑣𝑣�
𝜕𝜕𝑁𝑁�
𝜕𝜕𝑦𝑦�

= 𝑁𝑁�𝑒𝑒
𝑑𝑑𝑁𝑁�𝑒𝑒
𝑑𝑑𝑥𝑥�

+ �
𝜇𝜇𝑛𝑛𝑓𝑓 + 𝜅𝜅
𝜌𝜌𝑛𝑛𝑓𝑓

�
𝜕𝜕2𝑁𝑁�
𝜕𝜕𝑦𝑦�2

+
𝜅𝜅
𝜌𝜌𝑛𝑛𝑓𝑓

𝜕𝜕𝐻𝐻�
𝜕𝜕𝑦𝑦�

, 

+ �𝜒𝜒𝜌𝜌𝑠𝑠𝛽𝛽𝑠𝑠+(1−𝜒𝜒)𝜌𝜌𝑓𝑓𝛽𝛽𝑓𝑓�

𝜌𝜌𝑛𝑛𝑓𝑓
𝑔𝑔(𝑇𝑇 − 𝑇𝑇∞) 𝑠𝑠𝑠𝑠𝑠𝑠 �𝑥𝑥�

𝑎𝑎
�,                    (2) 

𝜌𝜌𝑛𝑛𝑓𝑓𝑗𝑗 �𝑁𝑁�
𝜕𝜕𝐻𝐻�

𝜕𝜕𝑥𝑥�
+ 𝑣𝑣� 𝜕𝜕𝐻𝐻

�

𝜕𝜕𝑦𝑦�
� = −𝜅𝜅 �2𝐻𝐻� + 𝜕𝜕𝑢𝑢�

𝜕𝜕𝑦𝑦�
� + 𝜙𝜙𝑛𝑛𝑓𝑓

𝜕𝜕2𝐻𝐻�

𝜕𝜕𝑦𝑦�2
,                  (3) 

𝑁𝑁� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥�

+ 𝑣𝑣� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑦𝑦�

= 𝛼𝛼𝑛𝑛𝑓𝑓
𝜕𝜕2𝜕𝜕
𝜕𝜕𝑦𝑦�2

.                         (4) 
The nanofluid properties are defined by Swalmeh et al. [36], as follows 

𝜌𝜌𝑛𝑛𝑓𝑓 = (1 − 𝜒𝜒)𝜌𝜌𝑓𝑓 + 𝜒𝜒𝜌𝜌𝑓𝑓 , 𝜇𝜇𝑛𝑛𝑓𝑓 = 𝜇𝜇𝑓𝑓
(1−𝜒𝜒)2.5 ,𝛼𝛼𝑛𝑛𝑓𝑓 = 𝑘𝑘𝑛𝑛𝑓𝑓

(𝜌𝜌𝐶𝐶𝑝𝑝)𝑛𝑛𝑓𝑓
,  
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(𝜌𝜌𝐶𝐶𝑝𝑝)𝑛𝑛𝑓𝑓 = (1 − 𝜒𝜒)(𝜌𝜌𝐶𝐶𝑝𝑝)𝑓𝑓 + 𝜒𝜒(𝜌𝜌𝐶𝐶𝑝𝑝)𝑠𝑠,𝜙𝜙𝑛𝑛𝑓𝑓 = �𝜇𝜇𝑛𝑛𝑓𝑓 + 𝜅𝜅
2
� 𝑗𝑗,               (5) 

𝑘𝑘𝑛𝑛𝑓𝑓
𝑘𝑘𝑓𝑓

=
(𝑘𝑘𝑠𝑠 + 2𝑘𝑘𝑓𝑓) − 2𝜒𝜒(𝑘𝑘𝑓𝑓 − 𝑘𝑘𝑠𝑠)
(𝑘𝑘𝑠𝑠 + 2𝑘𝑘𝑓𝑓) + 𝜒𝜒(𝑘𝑘𝑓𝑓 − 𝑘𝑘𝑠𝑠)

, 

In a particular case, when (χ = 0, K = 0) , symbolizes viscous Newtonian fluid. Here,αnf 
μnf, ϕnf, �ρCp�nf are the nanofluid thermal diffusivity, viscosity, spin gradient viscosity, heat capacity. 
Besides, other quantities are listed in nomenclature. The used boundary conditions [37] are 

𝑁𝑁� = 𝑣𝑣� = 0,𝑇𝑇 = 𝑇𝑇𝑤𝑤
 
,  𝐻𝐻� = −1

2
𝜕𝜕𝑢𝑢�
𝜕𝜕𝑦𝑦�

 as 𝑦𝑦� = 0, 
𝑁𝑁� → 𝑁𝑁�𝑒𝑒(𝑥𝑥�), 𝑇𝑇 → 𝑇𝑇∞ 𝐻𝐻 → 0  as 𝑦𝑦� → ∞,                       (6) 
where u�e(x�) = U∞ sin �x�

a
� is the local free–stream velocity. The non–dimensional variables are 

recognized as follows 

𝑥𝑥 = 𝑥𝑥�
𝑎𝑎

, 𝑦𝑦 = 𝑅𝑅𝑅𝑅2/5 �𝑦𝑦�
𝑎𝑎
� , 𝑟𝑟(𝑥𝑥) = �̂�𝑟(𝑥𝑥�)

𝑎𝑎
,𝜃𝜃 = 𝑅𝑅𝑅𝑅

2
5 �𝜕𝜕−𝜕𝜕∞𝑎𝑎𝑞𝑞𝑤𝑤

𝑘𝑘
�, 

𝑁𝑁 = 𝑢𝑢�
𝑈𝑈∞

, 𝑣𝑣 = 𝑅𝑅𝑅𝑅2/5 � 𝑣𝑣�
𝑈𝑈∞
� , 𝑣𝑣 = 𝑅𝑅𝑅𝑅2/5 � 𝑣𝑣�

𝑈𝑈∞
�,

 
𝐻𝐻 = � 𝑎𝑎

𝑈𝑈∞
� 𝑅𝑅𝑅𝑅−2/5 𝐻𝐻�,            (7) 

such that Re = U∞
a
vf
 and vf is called the kinematic viscosity of the base fluid.  

Substituting the above variables (5) and (7) into equations (1)–(4), we get the next di-
mensionless equations for this problem  
𝜕𝜕𝑢𝑢
𝜕𝜕𝑥𝑥

+ 𝜕𝜕𝑢𝑢
𝜕𝜕𝑦𝑦

= 0,                           (8) 

𝑁𝑁
𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥

+ 𝑣𝑣
𝜕𝜕𝑁𝑁
𝜕𝜕𝑦𝑦

= 𝑁𝑁𝑒𝑒
𝜕𝜕𝑁𝑁𝑒𝑒
𝜕𝜕𝑥𝑥

+
𝜌𝜌𝑓𝑓
𝜌𝜌𝑛𝑛𝑓𝑓

(𝐷𝐷(𝜒𝜒) + 𝐾𝐾)
𝜕𝜕2𝑁𝑁
𝜕𝜕𝑦𝑦2

 

+ 1
𝜌𝜌𝑛𝑛𝑓𝑓

�𝜒𝜒𝜌𝜌𝑠𝑠 �
𝛽𝛽𝑠𝑠
𝛽𝛽𝑓𝑓
� + (1 − 𝜒𝜒)𝜌𝜌𝑓𝑓� 𝜆𝜆𝜃𝜃 𝑠𝑠𝑠𝑠𝑠𝑠 𝑥𝑥 + 𝜌𝜌𝑓𝑓

𝜌𝜌𝑛𝑛𝑓𝑓
𝐾𝐾 𝜕𝜕𝐻𝐻

𝜕𝜕𝑦𝑦
,                 (9) 

𝑁𝑁 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

+ 𝑣𝑣 𝜕𝜕𝜕𝜕
𝜕𝜕𝑦𝑦

= 1

𝑃𝑃𝑟𝑟

⎣
⎢
⎢
⎢
⎡ 𝑘𝑘𝑛𝑛𝑓𝑓

𝑘𝑘𝑓𝑓

(1−𝜒𝜒)+𝜒𝜒
�𝜌𝜌𝑐𝑐𝑝𝑝�𝑠𝑠
�𝜌𝜌𝑐𝑐𝑝𝑝�𝑓𝑓 ⎦

⎥
⎥
⎥
⎤
𝜕𝜕2𝜃𝜃
𝜕𝜕𝑦𝑦2

                    (10) 

𝑁𝑁 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥

+ 𝑣𝑣 𝜕𝜕𝐻𝐻
𝜕𝜕𝑦𝑦

= − 𝜌𝜌𝑓𝑓
𝜌𝜌𝑛𝑛𝑓𝑓

𝐾𝐾 �2𝐻𝐻 + 𝜕𝜕𝑢𝑢
𝜕𝜕𝑦𝑦
� + 𝜌𝜌𝑓𝑓

𝜌𝜌𝑛𝑛𝑓𝑓
�𝐷𝐷(𝜒𝜒) + 𝐾𝐾

2
� 𝜕𝜕

2𝐻𝐻
𝜕𝜕𝑦𝑦2

.               (11) 

In the the above system D(χ) = 1
(1−χ)2.5, and Prandtl number Pr =  vf

αf
, as well as micropolar 

parameter K = κ
μf

, and the mixed convection parameter λ = Gr
Re2

. In constant wall temperature 

boundary condition case, the Grashof number is computed as Gr = gβf �
aqw
k
� �a

3

νf
2�. The boundary 

condition (5) becomes 

𝑁𝑁 = 𝑣𝑣 = 0, 𝜃𝜃 = 1, 𝐻𝐻 = −1
2
𝜕𝜕𝑢𝑢
𝜕𝜕𝑦𝑦

 as 𝑦𝑦 = 0, 

𝑁𝑁 → 𝑁𝑁𝑒𝑒(𝑥𝑥) = �3
2
� 𝑠𝑠𝑠𝑠𝑠𝑠 𝑥𝑥, 𝑁𝑁 → 0, 𝜃𝜃 → 0, 𝐻𝐻 → 0 as 𝑦𝑦 → ∞.            (12) 

We suppose the following variables to solve equations (8)–(11) and corresponding condi-
tions (12) as 
𝜓𝜓 = 𝑥𝑥𝑥𝑥(𝑥𝑥,𝑦𝑦),𝜃𝜃 = 𝜃𝜃(𝑥𝑥,𝑦𝑦),𝐻𝐻 = 𝑥𝑥ℎ(𝑥𝑥, 𝑦𝑦).                 (13) 

Substituting above equation into (9–11), we acquire the following PDEs 
 𝜌𝜌𝑓𝑓
𝜌𝜌𝑛𝑛𝑓𝑓

(𝐷𝐷(𝜒𝜒) + 𝐾𝐾) 𝜕𝜕
3𝑓𝑓

𝜕𝜕𝑦𝑦3
+ 𝑥𝑥 𝜕𝜕2𝑓𝑓

𝜕𝜕𝑦𝑦2
− �𝜕𝜕𝑓𝑓

𝜕𝜕𝑦𝑦
�
2

+ 1
𝜌𝜌𝑛𝑛𝑓𝑓

�𝜒𝜒𝜌𝜌𝑠𝑠 �
𝛽𝛽𝑠𝑠
𝛽𝛽𝑓𝑓
� + (1 − 𝜒𝜒)𝜌𝜌𝑓𝑓� 𝜆𝜆

𝑠𝑠𝑠𝑠𝑛𝑛 𝑥𝑥
𝑥𝑥
𝜃𝜃 

+ 𝑠𝑠𝑠𝑠𝑛𝑛 𝑥𝑥 𝑐𝑐𝑐𝑐𝑠𝑠 𝑥𝑥
𝑥𝑥

+ 𝜌𝜌𝑓𝑓
𝜌𝜌𝑛𝑛𝑓𝑓

𝐾𝐾 𝜕𝜕ℎ
𝜕𝜕𝑦𝑦

= 𝑥𝑥 �𝜕𝜕𝑓𝑓
𝜕𝜕𝑦𝑦

𝜕𝜕2𝑓𝑓
𝜕𝜕𝑥𝑥𝜕𝜕𝑦𝑦

− 𝜕𝜕𝑓𝑓
𝜕𝜕𝑥𝑥

𝜕𝜕2𝑓𝑓
𝜕𝜕𝑦𝑦2

�,                (14) 
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1

𝑃𝑃𝑟𝑟�
𝑘𝑘𝑛𝑛𝑓𝑓/𝑘𝑘𝑓𝑓

(1−𝜒𝜒)+𝜒𝜒
(𝜌𝜌𝑐𝑐𝑝𝑝)𝑠𝑠
(𝜌𝜌𝑐𝑐𝑝𝑝)𝑓𝑓

�𝜕𝜕
2𝜃𝜃

𝜕𝜕𝑦𝑦2
𝜕𝜕𝜃𝜃
𝜕𝜕𝑦𝑦�

𝜕𝜕𝑓𝑓
𝜕𝜕𝑦𝑦

𝜕𝜕𝜃𝜃
𝜕𝜕𝜕𝜕−

𝜕𝜕𝑓𝑓
𝜕𝜕𝜕𝜕

𝜕𝜕𝜃𝜃
𝜕𝜕𝑦𝑦�

                     (15) 

𝜌𝜌𝑓𝑓
𝜌𝜌𝑛𝑛𝑓𝑓

�𝐷𝐷(𝜒𝜒) + 𝐾𝐾
2
� 𝜕𝜕2ℎ
𝜕𝜕𝑦𝑦2

+ 𝑥𝑥 𝜕𝜕ℎ
𝜕𝜕𝑦𝑦
− 𝜕𝜕𝑓𝑓

𝜕𝜕𝑦𝑦
ℎ− 𝜌𝜌𝑓𝑓

𝜌𝜌𝑛𝑛𝑓𝑓
𝐾𝐾 �2ℎ+ 𝜕𝜕2𝑓𝑓

𝜕𝜕𝑦𝑦2
� = 𝑥𝑥 �𝜕𝜕𝑓𝑓

𝜕𝜕𝑦𝑦
𝜕𝜕ℎ
𝜕𝜕𝑥𝑥
− 𝜕𝜕𝑓𝑓

𝜕𝜕𝑥𝑥
𝜕𝜕ℎ
𝜕𝜕𝑦𝑦
�.           (16) 

The boundary condition (12) becomes 
𝑥𝑥 = 𝜕𝜕𝑓𝑓

𝜕𝜕𝑦𝑦
= 0, 𝜃𝜃 = 1, ℎ = −1

2
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑦𝑦2

 
as 𝑦𝑦 = 0, 

𝜕𝜕𝑓𝑓
𝜕𝜕𝑦𝑦
→ �3

2
� 𝑠𝑠𝑠𝑠𝑠𝑠 𝑥𝑥 𝜃𝜃 → 0, ℎ → 0 as 𝑦𝑦 → ∞.                  (17) 

The engineering interesting physical quantities, in dimensional form, are local skin friction 
Cf and Nusselt number Nu can be written as   
𝐶𝐶𝑓𝑓 = � 𝑎𝑎

𝜇𝜇𝑓𝑓𝑈𝑈∞
�𝑅𝑅𝑅𝑅−1/2 �(𝜇𝜇𝑛𝑛𝑓𝑓 + 𝜅𝜅) 𝜕𝜕𝑢𝑢�

𝜕𝜕𝑦𝑦�
+ 𝜅𝜅𝐻𝐻��

𝑦𝑦�=0
, 𝑁𝑁𝑁𝑁 = 𝑅𝑅𝑅𝑅−1/2 � 𝑘𝑘𝑛𝑛𝑓𝑓𝑎𝑎

𝑘𝑘𝑓𝑓(𝜕𝜕∞−𝜕𝜕𝑓𝑓)
𝜕𝜕𝜕𝜕
𝜕𝜕𝑦𝑦�
�
𝑦𝑦�=0

. 

Using the equation (6) and boundary conditions (11), local skin friction C_f and Nusselt number Nu  
𝐶𝐶𝑓𝑓 = 𝑅𝑅𝑅𝑅−1/2 �𝐷𝐷(𝜒𝜒) + 𝐾𝐾

2
� 𝑥𝑥 𝜕𝜕2𝑓𝑓

𝜕𝜕𝑦𝑦2
(𝑥𝑥, 0),𝑁𝑁𝑁𝑁 = 𝑅𝑅𝑅𝑅−1/2 � 𝑘𝑘𝑛𝑛𝑓𝑓𝑎𝑎

𝑘𝑘𝑓𝑓(𝜕𝜕∞−𝜕𝜕𝑓𝑓)
𝜕𝜕𝜕𝜕
𝜕𝜕𝑦𝑦�
�
𝑦𝑦�=0

.              (18) 

3. Results and discussion 

Keller–Box scheme, along with finite differences reduction technique as conducted by Ce-
beci and Bradshaw [38] is implemented for computations of nonlinear equations (14) to (17). 
and sketched for several values of micropolar nanofluid parameters for the physical quantities, 
such as 𝐶𝐶𝑓𝑓, 𝑁𝑁𝑁𝑁, 𝜃𝜃(𝑥𝑥, 0), 𝑥𝑥′(𝑥𝑥, 0) and ℎ(𝑥𝑥, 0), at various positions 𝑥𝑥 in case of assisting  (𝜆𝜆 > 0) and 
opposing (𝜆𝜆 < 0) flow. The data regarding thermo–physical characteristics of the used fluid and 
nanoparticles are listed in Table 1. Before we find the impacts of micropolar nanofluid, it needs 
to compare the values of 𝐶𝐶𝑓𝑓 with Nazar et al. [39] at 𝐾𝐾 = 0 and 𝜒𝜒 = 0 as displayed in Table 2. 
We have found the values of 𝐶𝐶𝑓𝑓 are in perfect agreement. 

Table 1. Thermo–physical characteristics of GO–water, GO–kerosene GO–methanol 

Material ρ (kg/m3) Cp (J/kg – K) K (W/m – K) β×10−5(K−1) Pr 
Water 997.1 4179 0.613 21 6.2 
Kerosene  783 2090 0.145 99 21 
Methanol 792 2545 0.2035 149 7.38 
GO 1800 717 5000 28.4  

Table 2. Values of 𝐶𝐶𝑓𝑓 for 𝐾𝐾 = 0 and 𝜒𝜒 = 0 (Newtonian fluid), for different values of 𝜆𝜆. 

x 
𝜆𝜆 

-4 -3 -2 -1 -0.5 0.0 0.74 0.75 
0o (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000)  

(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) 
𝜋𝜋/18 0.07987 0.1806 0.2665 0.3443 0.3810 0.4166 0.46761 0.4682 

 (0.0801) (0.1806) (0.2662) (0.3438) (0.3804) (0.4160) (0.4669) (0.4675) 
𝜋𝜋/9 0.1152 0.3269 0.5016 0.6583 0.7320 0.8034 0.9053 0.9067 

 (0.1149) (0.3261) (0.5000) (0.6564) (0.7301) (0.8014) (0.9031) (0.9045) 
𝜋𝜋/6  0.4043 0.6754 0.9138 1.0253 1.2110 1.2858 1.2878  

 (0.4024) (0.6718) (0.9098) (1.0211) (1.1284) (1.2813) (1.2833) 
2𝜋𝜋/9  0.3737 0.7602 1.0860 1.2363 1.3806 1.5851 1.5878 

  (0.3704) (0.7535) (1.0790) (1.2292) (1.3733) (1.5775) (1.5802) 
5𝜋𝜋/18   0.7199 1.1540 1.3457 1.5281 1.7848 1.7882 

   (0.7181) (1.1434) (1.3350) (1.5172) (1.7737) (1.7771) 
𝜋𝜋/3   0.5466 1.1014 1.3392 1.5623 1.8729 1.8770 

   (0.5295) (1.0866) (1.3246) (1.4577) (1.8580) (1.8621) 
7𝜋𝜋/18    0.9127 1.2078 1.4727 1.8550 1.8493 

    (0.8929) (1.1889) (1.4583) (1.8260) (1.8307) 
4𝜋𝜋/9    0.5545 0.9326 1.2705 1.7023 1.7078 

    (0.5280) (0.9190) (1.2480) (1.6800) (1.6855) 
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x 
𝜆𝜆 

-4 -3 -2 -1 -0.5 0.0 0.74 0.75 
𝜋𝜋/2     0.5243 0.9305 1.4573 1.4638 

     (0.4813) (0.9154) (1.4289) (1.4352) 
5𝜋𝜋/9      0.4612 1.1245 1.1321 

      (0.4308) (1.0847) (1.0922) 
11 𝜋𝜋/18       0.7003 0.7001 

       (0.6543) (0.6637) 
2𝜋𝜋/3        0.0427 

        (0.0380) 

The behaviours of 𝐶𝐶𝑓𝑓 and 𝑁𝑁𝑁𝑁 for the graphene oxide in differently based fluids such as wa-
ter, methanol and kerosene under different parameters, such as fraction of nanoparticle vol-
ume fraction 𝜒𝜒 and micropolar parameter 𝐾𝐾, with various values of 𝑥𝑥 are shown in the Figures 
2 to 5. It is obvious that from these figures, when 𝜒𝜒 increases that lead to increasing 𝑁𝑁𝑁𝑁 and 
𝐶𝐶𝑓𝑓. It is also noticed that GO has higher 𝑁𝑁𝑁𝑁 for kerosene based micropolar nanofluid than water 
and methanol based micropolar nanofluids, for various value nanoparticle volume fraction 𝜒𝜒, 
but GO kerosene has higher 𝐶𝐶𝑓𝑓 compared with GO for water and methanol for various value of 𝜒𝜒. 
Figures 4 and 5 explain the impact of the mixed convection parameter 𝜆𝜆 on 𝑁𝑁𝑁𝑁 and 𝐶𝐶𝑓𝑓, respec-
tively. It is seen from these figures that an increase of the mixed convection parameter 𝜆𝜆 
leads to decreases on 𝑁𝑁𝑁𝑁 and 𝐶𝐶𝑓𝑓. Furthermore, 𝑁𝑁𝑁𝑁 of GO kerosene is higher than GO (wa-
ter/methanol) for every value of the mixed convection parameter 𝜆𝜆. Also, 𝐶𝐶𝑓𝑓 of GO kerosene 
is lower than GO (water/methanol) when (𝜆𝜆 > 0) (heated cylinder). On the other hand, the 
opposite happens behaviour is seen in case of (𝜆𝜆 < 0) (cooled cylinder), i.e. 𝐶𝐶𝑓𝑓 for GO kerosene 
is higher than GO (water/methanol). This is because of the density of water has a highest than 
methanol and kerosene. 

  
Figure 2. 𝑁𝑁𝑁𝑁under different variation of 𝑥𝑥 and 𝜒𝜒 Figure 3. 𝐶𝐶𝑓𝑓 under different variation of 𝑥𝑥 and 𝜒𝜒 

  
Figure 4. 𝑁𝑁𝑁𝑁under different variation of 𝑥𝑥and 𝜆𝜆 Figure 5. 𝐶𝐶𝑓𝑓 under different variation of 𝑥𝑥and 𝜆𝜆 
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Figure 6. ℎ(0, 𝑦𝑦) at 𝑥𝑥 ≈ 0 for various values of 𝜒𝜒 Figure 7. 𝜃𝜃(0,𝑦𝑦) at 𝑥𝑥 ≈ 0 for various values of 𝜆𝜆 

  
Figure 9. ( 𝜕𝜕𝑓𝑓

𝜕𝜕𝑦𝑦)
(0,𝑦𝑦) at 𝑥𝑥 ≈ 0 for various values of 𝜆𝜆 Figure 10. ℎ(0,𝑦𝑦) at 𝑥𝑥 ≈ 0 for various values of 𝜆𝜆 

Figures 6 to 10 display impacts of the nanoparticle volume fraction 𝜒𝜒, and the mixed con-
vection parameter 𝜆𝜆 on the physical quantities, such as temperature, velocity, and angular 
velocity profiles, at the lower stagnation point of the circular cylinder 𝑥𝑥 ≈ 0. The GO suspended 
in three based fluids namely water, methanol, and kerosene are considered in this study. It 
can be observed that from Figures 6 to 10 the temperature field increase as increase the 
values of parameter 𝜒𝜒, but the velocity and angular velocity decrease. Moreover, GO water 
has a higher temperature, velocity and angular velocity compared with GO (kerosene/metha-
nol) for every values nanoparticle volume fraction 𝜒𝜒.  

5. Conclusions 

The mixed convection BLF over a circular cylinder with micropolar nanofluid was investi-
gated. Different parameters effects such as mixed convection and micropolar parameter pa-
rameters, nanoparticle volume fraction on GO–water (methanol/kerosene) were discussed. 

We could the following conclusions:  
a) The 𝐶𝐶𝑓𝑓 and 𝑁𝑁𝑁𝑁 with different values of 𝑥𝑥 for GO (water/methanol/kerosene) based mi-

cropolar nanofluid decrease, when the value of 𝜒𝜒 increases. 
b) An increase in the mixed convection parameter 𝜆𝜆 leads to a decrease of both 𝐶𝐶𝑓𝑓 and 𝑁𝑁𝑁𝑁. 
c) The GO kerosene has higher in 𝑁𝑁𝑁𝑁 compared with GO (water/methanol) for various val-

ues of 𝜒𝜒 and 𝜆𝜆. 
d) An increase in the value of 𝜒𝜒 leads to an increase in the temperature, however tempera-

ture decrease when the mixed convection parameter 𝜆𝜆 increases. 
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Nomenclature 

𝑇𝑇∞ Ambient temperature, 𝛼𝛼𝑛𝑛𝑓𝑓 Thermal diffusivity of nanofluid 
𝑇𝑇𝑓𝑓 Temperature of fluid 𝜆𝜆 Mixed convection parameter 
𝑈𝑈∞ Free stream velocity. 𝜇𝜇𝑛𝑛𝑓𝑓 Viscosity of the nanofluid 

𝑘𝑘𝑓𝑓   Thermal conductivity of base fluid 𝜅𝜅 Vortex viscosity  
𝑘𝑘𝑛𝑛𝑓𝑓  Thermal conductivity of nanofluid 𝜈𝜈𝑓𝑓 Kinematic viscosity of the fluid  
𝑘𝑘𝑠𝑠 Thermal conductivity of GO 𝜒𝜒 Nanoparticle volume fraction  
𝑞𝑞𝑤𝑤 Surface heat flux 𝜌𝜌𝑓𝑓 Density of base fluid  

𝑁𝑁𝑒𝑒(𝑥𝑥)  boundary layer 𝜌𝜌𝑠𝑠 Density of GO  
a Radius of sphere  𝜌𝜌𝑛𝑛𝑓𝑓 Density of the nanofluid 
f Dimensionless stream function (𝜌𝜌𝐶𝐶𝑝𝑝)𝑛𝑛𝑓𝑓 Heat capacity of the nanofluid 
g Acceleration due to gravity 𝜙𝜙 Spin gradient viscosity 
𝐾𝐾 Micropolar parameter 𝜃𝜃 Dimensionless temperature 
Pr Prandtl number 𝜓𝜓 Stream function 
Re Reynolds number 𝜇𝜇𝑛𝑛𝑓𝑓  
Gr Grashof number   

References 

[1] Choi SUS,  Eastman JA. (1995). Enhancing thermal conductivity of fluids with nanoparticles 
(ANL/MSD/CP-84938; CONF-951135-29). Argonne National Lab. (ANL), Argonne, IL (United 
States). https://www.osti.gov/biblio/196525-enhancing-thermal-conductivity-fluids-nano-
particles. 

[2] Tiwari RK,  Das MK. Heat transfer augmentation in a two-sided lid-driven differentially heated 
square cavity utilizing nanofluids. International Journal of Heat and Mass Transfer, 2007; 
50(9): 2002–2018.  

[3] Wang X.-Q, Mujumdar A, Yap C. Thermal characteristics of tree-shaped microchannel nets 
for cooling of a rectangular heat sink. International Journal of Thermal Sciences, 2006; 45: 
1103–1112.  

[4] Kakaç S, Pramuanjaroenkij A. Review of convective heat transfer enhancement with nanoflu-
ids. International Journal of Heat and Mass Transfer, 2009; 52(13): 3187–3196.  

[5] Faqih FMA, Swalmeh MZ, Ibrahim SM, Saeed HGB, Alkasasbeh HT, Sarairah EA.  Study of the 
MHD Flow of Casson Nanofluid in the Presence of Oxides Nanoparticles Based C2H6O2/H2O 
Under Constant Heat Flux Boundary Condition. International Review of Mechanical Engineer-
ing, 2021; 15(3): 149–156.  

[6] Owoyemi, A., Ibrahim, S., Mamat, M., & Salisu Muhammad, S. (2021). Impact of Nanoparti-
cles on Performance of Heat Transfer of Crude-Oil Based Cu, Al2O3, and SWCNTs. Petroleum 
and Coal, 63, 264–271. 

[7] Alwawi FA, Alkasasbeh HT, Rashad AM, Idris R. A Numerical Approach for the Heat Transfer 
Flow of Carboxymethyl Cellulose-Water Based Casson Nanofluid from a Solid Sphere Gener-
ated by Mixed Convection under the Influence of Lorentz Force. Mathematics, 2020; 8(7): 
1094.  

[8] Alwawi FA, Alkasasbeh HT, Rashad A, Idris R. Heat transfer analysis of ethylene glycol-based 
Casson nanofluid around a horizontal circular cylinder with MHD effect. Proceedings of the 
Institution of Mechanical Engineers, Part C: Journal of Mechanical Engineering Science, 2020; 
234(13): 2569–2580.  

[9] Swalmeh MZ, Alkasasbeh HT, Hussanan A, Thoi TN, Mamat M. Microstructure and inertial 
effects on natural convection micropolar nanofluid flow about a solid sphere. International 
Journal of Ambient Energy, 2019; 1–12.  

[10] Swalmeh MZ, Alkasasbeh HT, Hussanan A,  Mamat M. Numerical Study of Mixed Convection 
Heat Transfer in Methanol based Micropolar Nanofluid about a Horizontal Circular Cylinder. 
Journal of Physics: Conference Series, 2019; 1366: 012003.  

[11] Parizad Laein R, Rashidi S, Abolfazli Esfahani J. Experimental investigation of nanofluid free 
convection over the vertical and horizontal flat plates with uniform heat flux by PIV. Advanced 
Powder Technology, 2016; 27(2): 312–322.  

[12] Kumar V, Sarkar J. Experimental hydrothermal behavior of hybrid nanofluid for various par-
ticle ratios and comparison with other fluids in minichannel heat sink. International Commu-
nications in Heat and Mass Transfer, 2020; 110, 104397.  

913



Petroleum and Coal 

                          Pet Coal (2021); 63(3): 907-915 
ISSN 1337-7027 an open access journal 

[13] Kumar V, Sarkar J. Numerical and experimental investigations on heat transfer and pressure 
drop characteristics of Al2O3-TiO2 hybrid nanofluid in minichannel heat sink with different 
mixture ratio. Powder Technology, 2019; 345.  

[14] Tham L, Nazar R, Pop I. Mixed convection boundary layer flow from a horizontal circular 
cylinder in a nanofluid. International Journal of Numerical Methods for Heat & Fluid Flow, 
2012; 22: 576–606.  

[15] Najib N, Bachok N, Arifin NM, Ali FM, Pop I. Stability solutions on stagnation point flow in Cu-
water nanofluid on stretching/shrinking cylinder with chemical reaction and slip effect. Journal 
of Physics: Conference Series, 2017; 890: 012030.  

[16] Swalmeh MZ, Alkasasbeh HT, Hussanan A, Mamat M. Heat transfer flow of Cu-water and 
Al2O3-water micropolar nanofluids about a solid sphere in the presence of natural convection 
using Keller-box method. Results in Physics, 2018; 9: 717–724.  

[17] Haddad O, Baïri A. Natural convective heat transfer within nanofluid-filled hemispherical hor-
izontal enclosure. Journal of Physics: Conference Series, 2016; 745: 032161.  

[18] Kao MJ, Chang H, Tsung TT, Lin HM. The Friction of Vehicle Brake Tandem Master Cylinder. 
Journal of Physics: Conference Series, 2006; 48: 663–666.  

[19] Mahat R, Rawi NA, Kasim ARM, Shafie S. Mixed convection boundary layer flow of viscoelastic 
nanofluid past a horizontal circular cylinder: Case of constant heat flux. Journal of Physics: 
Conference Series, 2017; 890: 012052.  

[20] Mahat R, Rawi NA, Kasim A, Shafie S. Mixed Convection Flow of Viscoelastic Nanofluid Past a 
Horizontal Circular Cylinder with Viscous Dissipation. Sains Malaysiana, 2018; 47, 1617–
1623.  

[21] Tlili I, Khan WA,  Ramadan K. MHD Flow of Nanofluid Flow Across Horizontal Circular Cylinder: 
Steady Forced Convection. Journal of Nanofluids, 2019; 8(1), 179–186.  

[22] Eringen AC. Theory of Micropolar Fluids. Journal of Mathematics and Mechanics, 1966; 16(1), 
1–18. 

[23] Eringen AC. Microcontinuum Field Theories: II. Fluent Media. Springer-Verlag 2001. 
https://www.springer.com/gp/book/9780387989693. 

[24] Nazar R, Amin N, Groşan T, Pop I. Free Convection Boundary Layer on a Sphere with Constant 
Surface Heat Flux in a Micropolar Fluid. International Communications in Heat and Mass 
Transfer, 2002; 29(8): 1129–1138.  

[25] Rehman A, Nadeem S. Mixed Convection Heat Transfer in Micropolar Nanofluid over a Vertical 
Slender Cylinder. Chinese Physics Letters, 2012; 29(12): 124701.  

[26] Swalmeh M, Alkasasbeh H, Hussanan A,  Mamat M. Influence of micro-rotation and micro-
inertia on nanofluid flow over a heated horizontal circular cylinder with free convection. The-
oretical and Applied Mechanics, 2019; 46(2): 125–145.  

[27] Abbas N, Nadeem S, Malik MY. Theoretical study of micropolar hybrid nanofluid over Riga 
channel with slip conditions. Physica A: Statistical Mechanics and Its Applications, 2020; 551: 
124083.  

[28] Nadeem S, Malik MY, Abbas N. Heat transfer of three-dimensional micropolar fluid on a Riga 
plate. Canadian Journal of Physics, 2020; 98(1): 32–38.  

[29] Khanafer KM, Chamkha AJ. Mixed convection flow in a lid-driven enclosure filled with a fluid-
saturated porous medium. International Journal of Heat and Mass Transfer, 1999; 42(13): 
2465–2481.  

[30] Khanafer K, Vafai K. Vafai K.: Double-diffusive mixed convection in a lid-driven enclosure filled 
with a fluid-saturated porous medium. Numer. Heat Transfer: Part A, 2002; 42, 465-486.  

[31] Anwar I, Amin N, Pop I. Mixed convection boundary layer flow of a viscoelastic fluid over a 
horizontal circular cylinder. International Journal of Non-Linear Mechanics, 2008; 43(9): 814.  

[32] Qadan H, Alkasasbeh H, Yaseen N, Sawalmeh MZ, ALKhalafat S. A Theoretical Study of Steady 
MHD mixed convection heat transfer flow for a horizontal circular cylinder embedded in a 
micropolar Casson fluid with thermal radiation. Journal of Computational Applied Mechanics, 
2019; 50(1): 165–173.  

[33] El-Zahar ER, Rashad AM, Saad W, Seddek L. F. Magneto-Hybrid Nanofluids Flow via Mixed 
Convection past a Radiative Circular Cylinder. Scientific Reports, 2020; 10(1): 10494.  

[34] Ali F H, Hamzah HK, Egab K, Arıcı M, Shahsavar A. Non-Newtonian nanofluid natural convec-
tion in a U-shaped cavity under magnetic field. International Journal of Mechanical Sciences, 
2020; 186: 105887.  

[35] Alsabery AI, Ghalambaz M, Armaghani T, Chamkha A, Hashim I, Saffari Pour M. Role of Ro-
tating Cylinder toward Mixed Convection inside a Wavy Heated Cavity via Two-Phase 
Nanofluid Concept. Nanomaterials, 2020; 10(6): 1138.  

914



Petroleum and Coal 

                          Pet Coal (2021); 63(3): 907-915 
ISSN 1337-7027 an open access journal 

[36] Alkasasbeh H, Swalmeh MZ, Hussanan A,  Mamat M. Numerical Solution of Heat Transfer 
Flow in Micropolar Nanofluids with Oxide Nanoparticles in Water and Kerosene Oil about a 
Horizontal Circular Cylinder. IAENG International Journal of Applied Mathematics, 2019; 49:3. 

[37] Nazar R, Norsarahaida A, Pop I. Mixed convection boundary-layer flow from a horizontal cir-
cular cylinder in micropolar fluids: Case of constant wall temperature. International Journal 
of Numerical Methods for Heat & Fluid Flow, 2003; 13: 86–109.  

[38] Cebeci T,  Bradshaw P. Physical and Computational Aspects of Convective Heat Transfer. 
Springer-Verlag 1988. https://doi.org/10.1007/978-1-4612-3918-5 

[39] Nazar R, Norsarahaida A, Pop I. Mixed convection boundary-layer flow from a horizontal cir-
cular cylinder with a constant surface heat flux. Heat and Mass Transfer, 2004; 40: 219–227.  

 
 
To whom correspondence should be addressed: Abid Hussanan, Department of Mathematics, Division of Science 
and Technology, University of Education, Lahore, 54000, Pakistan, E-mail: abid.hussanan@ue.edu.pk   

915

mailto:abid.hussanan@ue.edu.pk

	Abstract
	1.Introduction
	2. Basic equations
	3. Results and discussion
	5. Conclusions
	References



