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Abstract

This study is intended to provide a one-dimensional inverse nonlinearproblem to investigate molecular
diffusion of CO2in CH4in a hydrocarbonreservoir. Generally, boundary fluxesatthe top and the bottom
of the reservoirare non-zero. Furthermore, it is not practically possible to identify the exact boundary
conditions, therefore we are faced with an inverse problem which is discussed with two non-zero and
unknown boundary conditions via the auxiliary problems. We will consider the case where the govern-
ing boundary conditions are defined as f (u(0,t)) and f (u(L,t))sothat u and f areunknown . We

will provide the conditions for f where the desired problem has a unique solution. Assuming an over-
specified data U(0,t) =y (t) with several admissible conditions for i, we will prove the existence

* *
and uniqueness of solution (U , f ) for the problem. In order to achieve this goal, we will demon-
strate that a defined transfer Tl/, has a unique fixed point. Accordingly, we need to prove that Tl/, is

a contraction. During this process, we will apply the other governing equations and functions such as
Abel integral equation, Jacobi function, Volterra operators, Lipschitz function and Holder function on
the discussed inverse problems.

Keywords: Molecular Diffusion; Fick's first law,; Fixed point; Contraction; Jacobi function; Volterra operator; Abel
equation; Lipschitz function.

1. Introduction

One of the most practical methods for EGR (Enhanced Gas Recovery) from a hydrocarbon
reservoir, is CO: injection in the reservoir. In this method, high pressure CO; is injected in
the reservoir, and the remaining hydrocarbon flows into the wellbore. About 80% (or more)
of natural gas is methane (CH4). Therefore a molecular diffusion between CO>and CH4 can be
introduced. At t =0 under the known temperature and pressure, the density of CO, is more
than CH4 , thus a vertical diffusion will occur between the gases. When the gas equilibrium is
reached, the process will stop.

In this study, we assume that the reservoir is horizontal and uniform. Also, its upper haff
and lower half are respectively filled by pure methane and pure carbon dioxide. Uniformity of
the reservoir means that the pressure and temperature are constant, so the gases have the
same and fixed temperature.

Fick's first law will govern the behavior of each of the gases. On the other hand, we are
faced with a vertical diffusion in the reservoir so the resulted diffusion equation will be one-
dimensional nonlinear equation (ODE) which along with the governing boundary conditions
will show a type of nonlinearinverse problems (NIP). In addition, it is not practically possible
to identify the exact boundary conditions, thus this problem will be discussed with unknown
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boundary conditions. In recent years, an important mathematically challenging and well-stud-
ied class of these problems is, to prove the existence and uniqueness of solution and investi-
gate the unknown functions that appear in the partial differential equations. In this regard,
one may find some studies in the literature which have been often carried out on heat con-
duction problems. For example, Rosch hasinvestigated the identification of unknown boundary
functions as optimal control problems [*-21, Some researchers have employed the boundary
element method to approximate the unknown boundary functions [3-4],

2. Mathematical formulation [5-]

We consider that:
a) Attribute 1 is for CO; and attribute 2 is for CHs.
b) I: Thickness of the reservoir
C) Dy, Effective diffusion coefficient of the composition of two gases.

d) p: Mass density of the composition of two gases.

e) p; : Mass density of i the gas i=12
f) Ci: Concentration of it gas i=12
g) C : Concentration of the gas composition

h) Ji*: Molar concentration of i'[h gas i=12
i) Z : Height

j) Ax; : Mole fraction of jth gas i=12
k) Vi: Speed of it gas i=12
) N_ : Molar flux of i"" gas i=12
m) v, : Partial molar volume of ith gas i=12

n) v Molecular velocity
Generally, D5 is a function of temperature and pressure of the gas composition. When we

ignore the changesin pressure and temperature and assume that the reservoir is uniform, we
actually consider D,,is constant. We follow the problemassuming that D,, is constant.

As we know Ni and Ji*are respectively defined as follows:

Ni :Civi i=12 (1)
3 =C.(v.-V") i=12 (2)
We put in the recent equation the following relation:
2
C.v.
N J;l ] )
vV =—"——— (3)
C
And then, we have:
* Ciy i=12
‘]i :CIVI_EJZ:;-CJVJ =1, (4)
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C.
Regarding x; :EI/ i=12 and (1):

* 2 .

Now, if p is constant (uniform mass density), Fick's first law will be defined according to
the following equation:

« p; :
Ji =—D12§ =12 (6)
In the casethat p is not constant, the law will be stated as follow:
37— _cp. i =12 )
i 12 5

In the more general case, we assume that p is not constant. According to equations (5)
and (7):
( ) % i—12 8
In addition, the following equation is for Ni and v; :
V;N; +V,N, =0 (9)
Using equations (8) and (9), we have:
OXq
12 &2

A
1- x{l—_lJ
V2

Similarly:

N, = (10)

OX,
12 ~,
N. = 0z

2 - p—

Vv
1—x2(1—_2]

Vl

If the concentration of each of the gasesis shown as C, =C,(z,t), i=12, as the concen-
tration of the gas composition is fixed, we can write
C,(z,t)+C,(z,t)=C. (12)
Onthe otherhand c; = Cx; so x, + Xy = 1.Therefore, equations (10) and (11) can be writ-
ten:

(11)

_ oc aC,
N = 2oz and N, = 12 o2 _ (13)
V.
1—x1[1—_1J X + (@1—x%)=2
2 1
Regardless of chemical reactions, Molar balance equation would be:
oC. ON.,
—t+—1=0 (14)
ot 0z

Substituting equation (13) in equation (14), we have:
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oC oC
S —-D_ 2
5 12 az_ 5 12 az_
V \Y
1-x|1—--L1 X +(@1—x) =2
e v, e ! YV
1, -0 and 2 4 1/ -0 (15)
ot 0z ot 0z
As for the ideal gases, v; Is constant:
\Ti :% i=12 (16)
So (15) can be written as:
3| -D i
oc. | 12 g
iy =0 i=12 (17)
ot 0z
Finally, we have the diffusion equation as follow:
2
oC; 0°C; .
i i § i=12 (18)
ot 12° 522

Now, we consider boundary flows at the top and the bottom of the reservoir. In other words,

we have the following boundary conditions (fluxes at the top and bottom of the reservoir is
not zero):

oC; oC; .

1 = gjo () and —L =g, () 1=12 (19)
oz z=0 oz z=l

In real terms, g;,(t)and g;,(t) cannotbe accurately identified. So, in this case, we are faced
-~ D -

with an inverse problem with the boundary conditions. Assuming t = %t and 7 = % Z,wede-

fine éi so that éi (Z,t) = éCi (z,t) . Now we can write:

oC; CDy, éC;

L1250 gng GGG =12 (20)
ot | ot oz | oz
On the other hand:
. CD,, oC; C. ) CD,, 8°C.
aCI _ 12 a(il Zl'i 1298(5 — 12 0 CI i=12 (21)
ot 12 ot léz | 67 12 &72
~Regardigg equation(20) we can result:
oC;, o%C, .
= = =12 (22)
ot 07
Also, the boundary conditions (19) will change as follows:
oC; -~ o) - .
S =G  and Gl 5.0 =12 (23)
Z 50 % |34
In an optimistic mode, we assume that: _
§i0(t): f(C;(o,t)) and gil(t): f(Ci@t)) i=12 (24)
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where f is an unknown function. We provide the conditionsin which, the problem has a
unigue solution.

3. Existence and uniqueness of the solution
Consider the following inverse problem:

2

8_u:8_u O<x<1 O<t<T (25)
ot ox?
u(x,0) = (x) 0<x<1 (26)
N 0.1y = g(t) o<t<T (27)
OX
ou
a_(l,t)z h(t) 0<t<T (28)

X

We consider the solution of this problem as u =v+w, where v and w are respectively
the solutions of the following inverse problems as auxiliary problems.

2
v _ov 0<x<1 O<t<T (29)
ot ox?
v(x,0)=0 0<x<1 (30)
@(O,t):g(t) 0<t<T (31)
OX
N (1.t) = het) o<t<T (32)
OX
And:

2
ow_ow O<x<1 O<t<T (33)
ot ox?
w(x,0) = p(X) 0<x<1 (34)
a_W(o,t):o 0<t<T (35)
OX
Mity=0 o<t<T (36)
OoX

Now, we discuss one of the basic properties of Jacobi function which will be used in this
topic [7-°1, Jacobi function is defined as follows:

—+00
o(x,t) = D K(x+2n,t) XeR t>0 (37)
N=—o0
Or:
—+o0
O(x,t) = K(x,t) + > (K(x+2n,t) + K(x—2n,1)) XeR t>0 (38)
=1
oo 1o0
0(0,t) = K(0,t) + > (K(2n,t) + K(-2n,t)) =K (0,t) + 2> K (2n,t) t>0 (39)
n=1 n=1L
L
If we define the function Hsothat H(t)=—— > e ! then:
1
0(0,t) = +H(t t>0 (40)
O,1) N (t)

In this case, the function H is located in the set C*(0,%0) such that:
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H"©)=0 vneN (41)
The following theoremis an important application of Jacobi function:
Theorem 1 Problem (29) to (32) has a solution as follow [81;

v(x,t) = —2je(x t—n)g(n)dn +2j9(x ~1t—n)h(n)dy (42)
Therefore the solutlon of problem (25) to (28) will be:

u(x,t) = wix,t) — 2je(x t—n)g(7)dn +2je(x 1,t —n)h(z)dn (43)
And thenfor x=0:

u(0,t) = w(0,t) — 2} 6(0,t —7)g(n)dn +2j 6(0—-1,t—m)h(n)dn (44)
Now we deﬁne:0 ’

S(t) = %(w(o,t) ~u(0,t))+ ie(—l,t ~mh(p)dn =ie(o,t OLIOLY (45)

Equation (45) is an Abel integral equation. According to equation (40) we can write the
recent equationas:

t 1 1t dn t
S(t) !( i He 77)}9(77)0'77 mgg(n)ﬂ+£H(t ma@dn  (46)

If S(t) is absolutely continuous and S'(t) is bounded then, as equation (46) is an Abel in-
tegral equation it can be written as follow:

SO St 4 .| j
g(t) = + dn+ | E(t,7)g(7)dn (47)
EER e
where:
1 LH'a-a
E(t,n) = dA 48
e i N (48)
Now, Let us considerthe case where functions g and h are defined as:
g(t) = f(u(01) and h(t) = f (u@1)) (49)

where the function f is unknown. For problem (25) to (28), over-specified data u(0,t) =y (t)
is considered so that function y is true in conditions (I) and (II):

(I) Function v in [0, T] is absolutely differentiable and y(0) = ¢(0) also v is monotonic
on [0,T]. Now, we write equation (45) as follow:

S(t) = %(w(o,t) —y 1)+ ie(—l,t =) fu@m)dn (50)
Based on equatlon(34), it is clearthat:

$(0) = (w(o 0) —(0))+ j O(-L-n) f (UL 7))dn =0 (51)
On the other hand:

S'(n) = %(W'(O, m—v'(0)+ 179’(—1, A=m)fu@ A)di (52)

By substituting equations (52) and (51) in equation (47), we will have:
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t

FU(O.1) = f(y (V) = % [E®7) @ @dn+
0

(53)

1 ¢ , , " dn

— [«W'O0,7)—yw'(t)+2|0'(-LA—-n)f(u@ A))dA
J;i{ 0.7) —v'(t) g (-LA-n)fUELA) }T—n

The right side of the above equation is a nonlinear function of f(t). Since the final term
includes f (u(L,t)) andalso u(l,t) dependson f , therefore thevalue of u is dependson x ,
t and f . Inotherwords u(x,t)=u(xt; f).In addition, u(x,t; f) should be located in the do-
main of f, in otherwords we consider the following condition:
(II) Regarding y is monotonic on [0,T]then Vt €[0,T], u@t; f) € [w(0),w(T)].

We write the left side of equation (53) as below:

fow (t) =T, [foyw](t) (54)
Assuming foy =y, we will have:
y(®) =T, [yl(t) (55)

We mean to demonstrate Tv, has a unique fixed point. In order to achieve this goal, we

need to prove that T,/, is a contraction. Thefollowing operators are defined:

t

A, [F10) =2 [ Etn) f (r)dn (56)
o
t

d,[F10) == [0'(-Lt—n) T () (57)
o

a1 = [-2a (58)

ovt—7

where d, and d, are Volterra linear operators and a is Abel linear operator. Also, function
d3is defined as:

dy(t) = %a[w’(o,t) )] (59)
With regards to the above definitions, equation (53) can be written as below:
y(©) =T, [yl(t) = d;[yI(t) + d, (t) +a(d, [T, [y]IXt) (60)

To continue the discussion, we need some of the following lemmas. Before referring to the
lemmas, we refer to the following definition.
Function f x= Xo is a continuous Holder function of order o if there is a constant num-

ber such as r and a small sized neighborhood of Xgs SO that foreach x of this neighborhood

we have:

[£00— f(xg)] < rjx—xo|” (61)
The space of single-variable functions whose m" derivativeis a continuous Holder function

of order 0 <« <1 on [a,b] isshownby C™ " %[a,b]. When « =1 we are faced with the con-

tinuity of Lipschitz . The space of single-variable continuous functions of Lipschitzon [a,b] is

shown by lip[a,b]. Also, the below relations respectively define a half-normand a norm in
this space:
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Jﬂarwwﬂ

|fl, =Su (62)
a<x1<x2<b ‘Xl - Xz‘
Iy =l +[fll.. (63)

The space of functions with a half-power fractional derivative on [a,b] is shown by H[a,b]

, and we define a half-norm in this space as follow:
fOq)-f(xy)
fly = Sup‘ - d

a<x1<x2<b ‘X _x ‘%
1 2

(64)

Also, the below relation defines a norm in this space:
I£ln =1t +171.0 (65)
Lemma 1: If functions o, h, and h, belong to space lip[0,T], then there will be a constant
number suchas ¢ so that [a[o(hy)]-alo(h,)]|, <cfh —h

Proof: First, we define:
P(t) = a[o(h)I) —alo(hy)I(t) = a[o(h) —o(hy)] (66)
According to equation (58), we can write:

2l

L5} to
1 1
[Pt) —P(t,)|= £ F[a(m)(r)—a(hz)(rndr—g =7 O oyl (67)

And then:

oo by
P(t,) - P(ty)| < gﬁdr—gﬁdr.uo—(hl) —o(h,)|.,
=[2ty -2\t -othy),

Or:
Pl =Pl) 2ohy) ~ohy)],, (68)
It —t5| 2
On the other hand:
t
1
ol =[] oot ot 2Tkt o0,
< Ao(hy) -a(hy)],, (69)

According to equations (65), (68) and (69) we can write:

P(t,) - P(t
el = Sup% +[p||,, < 2||o-(hl) - (;(h2)||oo + A||a(h1) — o-(hz)”w
-1

=2+ A)o(hy) —a(hy)|, (70)
o is a continuous Lipschitz function, so:

Jothy) = ohy)|, < Bl —hy |, (71)
Finally, from (70) and (71) we will have:
[Pl < clpy =l (72)
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Lemma 2: We assume that f, and f, are Lipschitz functions .Thefollowing problem is con-
sidered:
i 2 i
ai=a - O<x<1 O<t<T i=12 (73)
ot ox?
u' (x,0) = p(x) 0<x<1 i=12 (74)
i .
aal(o,t) = 1, (0,1)) 0<t<T (75)
X
au' i
a_(l’t): fi(u @) 0<t<T (76)
X
u' (0,t) = w(x) 0<x<1 i=12 (77)
The solution of above problemis true in the following inequality:
Hu Dt -u® t)H L A (78)

where T is sufficiently small and constant ¢ depends on T and Lipschitz norms of f, & f,-
Proof: Function gis defined as below:

t
a®) =uP @y -uP ey =fLe —T)(fl(u Da,o)-f,u?q r)))dr (79)
0

where L(T) is single kernel at coordinates origin. Assuming 0 < t, <t <T, we write:

1
att) - at,) = [ Lty - @@ @) - P @ o)k
0

to

- [, - r)(fl(u D oy-f,u? @ r)))dr
0

2

[l -0 -1, -r))(fl(u D@o)-fu?a r)))dr
0

2

(

—

+ tj L(t, —7) - L(t, - r)Xfl(u @@o)- 1,02 T)))dr
+ ff?L(tl-r) (AP@) - A@?@,0))dr
+ tjll_(tl—f)(fl(u(z)(l,r))— fz(u(2>(1,r)))dr =l 4Ly tlgtly,
Now, we conside:ihe recent integrals as follows:

t2

=L -9 - Lty -0 P @) - fu@ @ )pe
0

t
< jz Lt~ o) - Let, o) flul.‘u D) -u@q r)‘dr
0
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ot 6 ) @ )
<[ eoedul gehden-uBaolsafh ol sehden-uBen

tp
L] =| (L, -0 - L, )P0~ 1,u? o)k
0
t2
< [|Ltt, -7 - L, - T)H f,u@ao)-f,u?e T))‘df
0
2oL
< .([tj.g(s—r)dr.ufl— fol, <co i —to | f,—
2
4
1]=| Ly (90 - fuPa b
t2
t
< jl Lt - )] flul.‘u D, )-u@q, T)‘dr <cy -t fl”l'oit‘fT ‘u D,t-u@ @)
t2 -
il
1] =|] L - P @)~ 1,0? o)k
t2

ol
< Jlety - eP @) - fuP @i <y =t f - 1),
t2

With respect to the recent relations:
la(ty) —aty) =1y + 1, + g+ 1 [ < 1]+, +[1g]+]1,]

< f-t, ((cl +eg)] - Sup uPan-uP o)+, +c]f - fzuwj
We can conclude: o

q(t;) —atty)
% : ((Cl +eg) fy Jall, + (e )y - szoo) o
t, —t,[2

If we define cg = max{(c1 +03).H flul, (cy + c4)} then, according to equation (64):

q(ty) —a(t,)
AT LI MU TP )
a<ti<to<b ‘t _t P
1 2
On the other hand, regarding equation (64) we can conclude:
lal.. < tldl}, (82)
Therefore:

Iy =lal +[all., <~tlaly +[aly =@+VOldl,
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< @ Vs (ilaly +] 1 - o], )< o6 Melaly +]1 - 2].,) (83)

Eventually,we have: ||q||H < (84)

i [t =13,
1- CG\/'I_'
As mentioned earlier, we mean to demonstrate that TV, is a contraction. We consider equation

(60) and define y; and y, sothat y,(r) =T, [y;](t) = fow(t), y,(r)=T,[y,]{t) = fow().
where f, and f, are true in lemma 2. Regarding equation (60) we can write:

Ty Dyl =T, Iy, 1), <[dyly,]—daly,]|, +[acd, T, Iy, 1D —a(d, [T, [y, 10| (85)
In according to Lemma 1, the right side of the above relation can be written:

Ja@, T, [y, 1D - a(d, [T, Ly, 1), <y a1 -T, [y, =c| i@ - fu?aw)|

< cH f, @) - f,u? (],t))”oo + cH f,u2 @) - f,(u? (1,t))HOO
<d fluluul(l, t)—u?(1, t)Hw +f - T,
< co(”ul(l,t) —u2(1,t)HOO +[f, - fZHOO) (86)

where Co = max{c,“ flul}

Therefore, with regards to equation (86) we can write equation(85) as:

T, [y =Ty [y, 1], << (”ul(l,t) —u@y)| +|f - fzuoo) (87)
On the other hand, according to equation (64) we can generally conclude that:

1]l < VE[ [y <TIf|}, (88)

So:

Ty [y 1-T, [v,]],, < coﬁ(”ul(Lt)—uZ(Lt)HH |t - fZHH) (89)

Now, regarding the recent relation and equation (84) we can write:

c
Ty i1 -T, Iy, < Coﬁiﬁ” fi = ol +]f = ol ]

T2 Tl e ol

scoﬁl - \/_\/_+1juf ZHH (90)
Or:
M Dd-Ty bl < = VTl - ol (o1)

Therefore, for T which is smaII enough (2¢'VT <1), T,/, is a contraction in space H . Ac-

cording to the principle of contraction Mapping, T,/, has only and only a unique fixed point

such as y*and there is only and only one f*corresponding to y*s.t y* = f*Ol/l. In other
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words, if conditions (I) and (II) are established then problem (25) to (28) assuming equa-
tion(49) will has a pair of unique solution (u*, f*) in [O,t*] sto<t <T.
4. Conclusion

The present study has shown that a molecular diffusion problem is arisen in a hydrocarbon
reservoir, under the unknown boundary conditionsas f (u(0,t)) and f(u(,t)) (u and f are
unknown) with considering an over-specified data as u(0,t) =/ (t) has a unique solution as
(™, ) in [0,T]. In according to the below conditions, the problem can be extended on all

the time:
1- welimit f to uniform Lipschitz functions.

2- f is limited to non-negative functions so that f(0)=0, by applying the Maximum principle

[10], u remains uniformly bounded.
It is very interesting to extend the discussion on the above problemwhen the temperature
and pressure are not constant, e.g. when thereservoiris not uniform

References

[1] Rosch A. Identification of Nonlinear Heat Transfer Laws by Optimal Control. Numer. Funct.
Anal. Optim., 1994; 15: 417-434.

[2] Rosch A. A Gauss-Newton Method for the Identification of Non-linear Heat Transfer Laws. Int.

Ser. Numer. Math., 2002; 139: 217-230.

[3] Onyango TTM, Ingham DB, Lesnic D. Reconstruction of Boundary Condition Laws in Heat
Conduction Using the Boundary Element Method. Comput. Math. Appl., 2009; 57: 153-168.

[4] Bialecki R, Divo E, Kassab AJ. Reconstruction of Time-Dependent Boundary Heat Flux by a
BEM Based Inverse Algorithm. Eng. Anal. Bound. Elem., 2006; 30: 767-773.

[5] Skelland AHP. Diffusional Mass Transfer. John Wiley & Sons, New York, 1972.

[6] Tribal R. Mass Transfer Operations, Sixth Edition, McGraw-Hill, International Editions, Singa-
pore, 1981.
[7] du Chateau P and Zachmann D. Partial Differential Equations. Schaum's Outlines, 1986.

[8] Cannon JR. The One-Dimensional Heat Equation, Addison-Wesley, Menlo Park, CA, 1984.
[9] Widdr DV. The Heat Equation, Academic Press, New York, 1975.

[10]  Cannon JR and Lin Y. Determination of Parameters P(t) in some Holder Classes for Semi-
Linear Parabolic Equations. Inverse Problems, 1988; 4: 595-606.

To whom correspondence should beaddressed: Prof. Amir H. Mohammadli, Discipline of Chemical Engineering, School
of Engineering, Unwersity of KwaZulu-Natal, Howard College Campus, King George V Avenue, Durban 4041, South

Africa, amir h _mohammadi@yahoo.com

Pet Coal (2018): 60(4): 770-781
ISSN 1337-7027 an open access journal

781


mailto:amir_h_mohammadi@yahoo.com

	Abstract
	1. Introduction
	2. Mathematical formulation
	3. Existence and uniqueness of the solution
	4. Conclusion
	References



