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Abstract

In this work, the radial flow of a two-phase hydrocarbon fluid in a petroleum reservoir is first
modeled. Using the mass balance equation and Darcy's law as the governing equations, a nonlin-
ear radial diffusion equation is obtained. We then assume that throughout the reservoir, aP/ar is

small and aP/ar:t 0also the viscosity (u) is independent of pressure. The recent hypotheses are

true about the radial flow. Accordingly, the resulting nonlinear equation is converted to a linear
radial diffusion equation which is a one-dimensional equation (ODE) and it is noticeable to achieve
the pressure distribution in the reservoir and adjacent to the well. Descriptions of reservoir pro-
cesses have motivated a large volume of work on ODEs. Analytical and numerical methods have
provided solutions to the problems satisfying a fairly wide range of conditions. However, analytical
methods continue to be highly valued for the inherent simplicity, their capacity to convey qualita-
tive information about the physical problem, and as a verification for numerical models. In this
work, after obtaining the linear radial diffusion equation, regarding the transient state (ap/ar =
f(r,t) and ap/ar;t 0) for the fluid flow, we apply the related boundary and initial conditions. Af-

terward, we apply the analytical methods for the resulting model to obtain the pressure distribu-
tion. To achieve this goal, we separately apply the separation of variables method (based on Bessel
equations) and the method of Laplace transform to solve the problem. In the end of the second
method, as for the resulted fraction any inverse value is not found in most of tables, so we apply
Heaviside’s theorem.

Keywords: Radial flow; Darcy's law; Transient state; Bessel equation; Laplace transform.

1. Introduction

Generally, after digging a wellin a petroleumreservoir, the difference in pressure between
the reservoir and the wellbore causes to the flow of fluid into the wellbore in three states:

_ oP _ oP oP
transient (— # 0), semi-steady (— = constant) and steady (— =0) ],
ot ot ot

When digging a well in the middle of the reservoir, the hydrocarbon fluid flows from the
surrounding area to the wellbore, then a radial flow occurs (Fig. 1). When numerous wells are
digged at a short distance from each other, the flow lines are parallel and a linear flow is
created. The spherical flow occurs when the reservoir has a nearly hemispherical shape 21, In
this study, we assumed that the desired fluid has a radial flow in a hydrocarbon reservoir.

The pressure distribution at any time (t ) and at any point (r) in a reservoir producing a
hydrocarbon fluid with radial flow is an applied function that is used daily by reservoir engi-
neers in order to predict pressure drop and provide methods of stabilizing or increasing the
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pressure. Therefore, it is significant to provide a suitable model for determining the distribution
of this important parameterin a reservoir.

Wellbore
Side View ———————» ¢«——— Flow Lines
»
S | - —

Figure 1. Radial flow into a wellbore

In recent years, various studies have been carried out to calculate the distribution of pres-
sure in the reservoir. In this regard, the use of the diffusion equation in calculations has been
of interest to many researchers. It seems that provision of analytical models (if applicable)
with mathematical structures can play a decisive role in proving the validity and reliability of
numerical models in addition to problem solving. The analytical method of diffusion equation,
which is superior in calculation to the existing analytical methods such as the integral trans-
formation method of Fourier or Laplace and/or the variable separation method, was thus es-
tablished in the parabolic space 31,

In this work, in order to achieve the pressure distribution throughout the reservoir, the
problem is only studied in the transient state which is undoubtedly difficult to analyze. The
semi-steady and steady states (due to the simplicity of the problem) will not be studied in this
work.

2. Mathematical formulation

We considerthe following assumptions:
A. In a hydrocarbon reservoir, since deposition of some materials such as asphaltene, causes
to changing the porosity in terms of time, so we ignore the deposition and assume that
physical properties of the reservoir including porosity and permeability are constant. In
general, we assume that the reservoiris homogeneous.
B. Height of drilling wellis equal to the reservoirthickness, in this case, assumption of radial
flow for the fluid is correct.
C. In atwo-phasereservoir, thedesired fluid is oil or gas and water is immobile.
The mass balance equation is considered as “rate of mass accumulation = rate of input
mass -rate of output mass” 41,
According to Fig. 2 and defined parameters earlier, the mass balance equation can be written as
follow:
d ao —0qpo
qp|r+dr—qp|r=(2ﬂrh¢dr)d—’f or |r+‘3rr r

where: 2arhgdr is the volume of vacant space in the cylindrical layer in which the fluid is
placed. Equation (1) can be written as below:

0 dp
—(qp) = 2arhg) —+— 2
ar(q ) =( )dt (2)

On the other hand, for a radial flow in horizontal mode, Darcy's law is [5-¢1:

do
= (2rh o) == 1
(ﬂT(p)dt (1)
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_ 27zrkh6_p (3)
u or

where: 2zarhis the surface which is perpendicular to the direction of flow. Using equations (2)
and (3) we can obtain:
O (2nakh 0O

( pL J (27 ) (4)
or\ wu or

—] |le— dr P=Pe

h

Ne]

-

¢ q qp|r+dr I=Te

- > [_- T
r
L2 r\V

\j

Figure 2. A cylindrical part of a hydrocarbon reservoir with length h (thickness of the reservoir) and
thickness AT and inner radius T

The above equation can be written as follow:
lé(k_p ré‘_pJ _p0P

— (5)
ror\ u or ¢ dt
Considering the compressibility of fluid is defined as follow:
1ov
=== (6)
v oP
m
Hence, according to definition of mass density ( o =— ), we can have:
\Y
m
aC) 1o
__pP_pP _LOP (7)
m oP p OP
By differentiating of both sides of equation (7) in terms of time, we can have:
oP ap
C (8)
ot ot
By substituting equation (8) in (5):
10 ko © oP
aCo Pr ) =gop (9)

rar at
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Equation (9) is called the radial diffusion equation in the reservoir which is nonlinear be-
cause the pressure indirectly affects the density, compressibility and viscosity. In general,
equation (9) does not have any simple solution but in particular conditions canbe linearized
and can be solved. After differentiation, equation (9) can be extended as follow:

0, k,0p 0O ko, O Kk 0° oP
——() r L) r ”(”)"(p)r Pl=gop” (10)
or or or? ot
On the other hand, equation (7) can be written as follow:
op_10p (11)
or c,oar

In a two-phase reservoir of oil or gas and water (water is considered immobile), the follow-
ing assumptions are true about the radial flow:
A. Viscosity ( i) is independent of pressure.

P oP P
B. r is very small, so (6_)2 can be ignored. Furthermore, we can ignore C(g—)2 Jif c<1
r r r

Substituting equation (11) in equation (10) and according to the assumptions A and B, we
can write equation (10) as follows:

6 P 16P (p,uC@P

(12)
or? r8l’ k ot
Or:
lﬁ[r@j:%@ (13)
r or or k ot

Assuming C is constant (independent of pressure), (p'uc/k is constant and equations (12)
and (13) can be linearized. Now, we define n as:

k
Quc
Equations (12) and (13) can be written as follows:

o°p 1op _10P
+ RS

(15)
or2 ror n ot
10 (rﬁj=l@ (16)
ror\ or n ot

This equation is a linear form of the radial diffusion equation and »n is known as the diffusion
constant 71

3. Solving the problem in the transient state

In this case, the initial short time is considered and pressure P throughout the reservoir
oP

(including r =r, ) is a function of time which is not affected by productionyet, so 8_ #0.We
r

consider the followings;

P(r,0)=P, r<r, (17)
POt=P, (18)
P(rW,t) = PW (19)
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3.1. Solving the problem by using the separation of variables method

We do the following transform:
r'(r,t)=P(r,t)— PW

(20)

Hence, we can write equation (15) and conditions (17), (18) and (19) as below:

or {azr 1 ar}
P +__

ot N4z rat
1“(r,0)=PO—PW=F0
r(0,t)=0
r(mwt)zo

By using the separation of variables method, we have:

I'(r, 1) =R(r).Q(t)
According to equations (21) and (25):
1 dQ 1 [d?R 16R|_

= +=2 =42
nQ() dt  R(r){ gr2 ror

(21)

(22)
(23)
(24)

(25)

(26)

Note that the separation constant is chosen, the function R(r) will be as orthogonal (Bes-

sel). Therefore, fromeqaution (26):

dQ  .»
—+ A =0
p nQ
and:
2
Q(ty=e~ M
We can also have:
2
d 2R+l%+AZR=O
dr r or

(27)

(28)

(29)

Equation (29) is a Bessel equation with the following solution [81;

R(r) = AJO (Ar) + BYO (ar)

(30)

From equation (25) and boundary conditions (23) and (24) we can have:

r(r, ) =R(r)QM)=0 = R(r, ) =0

r'0,t)=R(0).Q(t)=0 = R(0)=0

(31)

(32)

As second-order Bessel functions are not defined at point zero, therefore in equation (30)
when r =0 andin accordingto (32), B=0. On the otherhand:

R(r, )= AJ (4r ) =0

The values of A4 are obtained by solving Jo(lrw) =0:

Ar =2405 = A = 2405
1w 1 r
W
Ar =550 =A_= 5.520
2w 2 r
W
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Ar =865 =1 :8'654
3w 3 r
W
Ar =11.792 =1 =11'792
4w 4 r
W

Now, we put the values of Q(t) and R(t)in equation (25):
o0
n=1
By applying the condition (22):
o0
Iy = Z:lAnJO(/in r (34)
n=.

Therefore, FO has been expanded in terms of Bessel sentences. Now, we use the orthogo-

nality property of Bessel functions. We multiply two sides of (34) in rJ,(1,r)dr and after
integrating, we will have:

—nigt
(AU (33)

'w 'w
_[FOrJO(;tnr)drzAn J'rJg(/’tnr)dr (35)
0 0
And:
Ny
I
IFOrJO(Anr)dr %Jl(ﬂnrw)
A= =7 (36)
n rW r2 )
J‘rJg(/lnr)dr %Jl (Antw)
0
Then:
A, = (37)

e
Antwdy (AnTw)
Finally, we write (33) as below:

2, &» 42 Jo(Anr
f'w n=1 (Antw)d1 (Anry)
Or:
2(P, — o 92 Jno(Anr
P(r,t)=PW+—( 0~ Pw) S - on") (39)

f'w n=1 (Antw)Jd1 (Anrw)

3.2. Solving the problem by using Laplace transform
First, we do the following transform:

o(r,t) =P(r,t) — PO (40)
We can write equation (15) and conditions (17), (18) and (19) as follows:

lg[r 89(r,t)j_166’(r,t)

ror or n ot

(41)
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O(r.0)=P, —P. =0 (42)
00,t)=P —P =0 (43)
o t)=P —P =0 (44)

After applying Laplace transformon equation (41), we can have:
lg(rMle(sg(r’s) _H(r,o)) (45)
r or dr n
Now, with regards to equation (42) we can write equation (45) as below:
2
d 9(2’5)+ld9(r’s)—Ee(r,s)zo (46)
dr r dr n

Or:

r20" 410 — > 29 -0 (47)
n

Equation (47) is a modified Bessel equation. In general, a modified Bessel equation is pre-
sented in the form of equation (48), which has a solution such as equation (49) as bellow [81;

x2y" + x(a+2bx™)y’ + (c + dx?" —b(Ll—a—m)x™ +b2x?My -0 (48)
1-a
— _bxM /|d y|d
y(x)=x 2 e M {Azp(—| |x”)+BZ_|O(—| |xn)} (49)
n n

where p :1‘/(1_761)2 —C and Z is one of the functions | , J, Y, K which are determined
n

by using Table 1.

Table 1. Z in the solution of modified Bessel equation

Z_, Zy P Jd
1 Non-integer Real

I, I, 9
2 Integer Real

Yp Jp g
3 |_p | 0 Non-integer Imaginary
4 K 0 | 0 Integer Imaginary

Accordingly, the solution for equation (47) will be:
S S
o(r,s) = Alo(r\/:)+ BKO(r\/:) (50)
n n

On the otherhand, after applying Laplace transformon (43) and (44):

o
6(0,s) = TW (51)
o
o(r ,s)= TW (52)
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Now, we apply the above conditions on equation (50) and we determine the coefficients A
and B. For r =0 the left side of equation (50) is defined but K0 has an undefined value, hence

B must be zero. Now, for r =r,, we can have:

_—Alo(rw\/%)

And then:

Slo(rw\/g)

Accordingly, the solution of the equations (46) and (51) and (52) is:

o(r *)
o(r,s) = (53)
sly (rw )
Now, by applylng inverse Laplace transform on the equation above, (r,t) is resulted.
There are many techniques to find the inverse Laplace transform of a Laplace domain function 9},
but its discussion is outside the scope of this study. On the other hand, by referring to most

of tables, any inverse value will not be found forthe fraction above, thus, we use Heaviside’s
theoremas follows.

3.3. Heaviside’s expansion theorem [°]
If P(s) is a polynomial with degree less than n and «, is the roots of Q(s) =0, as well as
Q'(e ) is derivative of Q(s) interms of sat s=¢, then:
L_l{ P(S)} _ L I:)(O[k) Eozkt
Q@) «=1Q(«y)

According to this theoremwe can write:

(r\f) OO P(Sk) et
S|0(W\/7) k OdQS
sk

where s, is the root of the following equation:

ﬁOUWJ%5=O

In otherwords:

Sk
o(fwy[—)=0  k=123..
n

There is the following relation between I, and J,

(54)

Pet Coal (2018); 60(5): 1039-1049
ISSN 1337-7027 an open access journal

1046



Petroleum and Coal

—nz

1 () =i "3, (x)=e 2 J,(ix)

} Sk
Jo(lrW 7):0 k=123,...

Or:

S
Jo(A)=0 st A =ir, | k=123..

n
The first four roots of the recent equation are:
2
A, =2.4048 L= —w
rW
2
A,=55201 =s,= 1052007
2
rW
2
7y =86537 =y = 1808
'w
2
2, =107015 =, =TI
'y

(55)

(56)

(57)

It can be seen that regarding the values of ﬂ.k , the roots of S, can be easily obtained.

/s
Now P(s)=1q(r —k) must be calculated.
n
P(sg)=P0)=1,(0)=1

A r
P(s,)=ly(Hir.[——)=Jy(4, —)  k=123..
'y Iy

On the other hand:

slo(rw\/§)=0

40 d(slo(rw\/?)J
n s, Iy |[S S
O s :lo(rw\/%)"‘?\/;ll(rw\/%)

dQ B _

dslg g 0@t

dQ i/Ik ] A

—_— :_—l —|ﬂ :——J /1 k:1,2,3,...
rlyy, ~ 2 A= )

Substituting the obtained values in (54) and according to the (53) we can have:
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ry
" Jo(ﬂng—) r2t
o(r,t)=6,41-2> ——— W ¢ W (58)

k=1 /1k Jl(ﬂ,k)

Or:
ry i
0 JO(’ik 7) 2 t

I I
P(r,t) =Py +(Py =P )i1-2) ——— "¢ W (59)
0 v 0 k=1 ﬂle(ﬂk)

4. Conclusion

The recent study has provided a nonlinear radial diffusion equation to achieve the pressure
distribution in a petroleum reservoir producing a two-phase hydrocarbon fluid with radial flow.
This nonlinear equation does not have any simple solution. In particular conditions, this equa-
tion is linearized and solved in the transient state of flow by two analytical methods. In the
separation of variables method (based on Bessel equation), P is writtenin the terms of Bessel
sentences. In the second method (based on Laplace transform), we obtained a modified Bessel
equation whose solution is determined. Applying the inverse Laplace transform based on
Heaviside’s theorem, we solved the problem and achieved the pressure distribution which is
an applied functionin a petroleumreservoir. The assumption of an incompressible fluid such
as oil in the problem, is equivalent to assuming that pressure is maintained constant at the
well radius (r =r,, ) and at some external radius. In other words, the entire flow into the well

passes across the external radius.
In the continuation of this study, it would be interesting to obtain the distribution of pres-
sure in a reservoir producing the fluid by spherical flow.

Nomenclature
h Height of a cylindrical part of reservoir q,o| ; Rate of output massin cylinder
dr Thickness of a cylindrical part of reservoir P Mass density of fluid
r Inner radius of a cylindrical part of reservoir P Pressure
re Outer diameter of the reservoir m Mass of fluid
Pe Pressure of the reservoir in radius T, c Compressibility of fluid
M Radius of well H Viscosity of fluid
q Amount of fluid flow @ Porosity degree of reservoir rock
n Diffusion constant

Rate of input mass in cylinder
ap| r+dr P Y
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