
Petroleum and Coal 

  Pet Coal (2021); 63(4): 1025-1036 
ISSN 1337-7027 an open access journal 

Article     Open Access 

Performance of Variable Electrical Field (VEF) on Casson Flow Through an Inclined 
Annular Micro-Channel Embedded in a Porous Medium: Numerical Solution by 
Using Spectral Collocation Method 

Adebowale Martins Obalalu* 

Department of Statistics and Mathematical Sciences, Kwara State University, Malete, Nigeria 

Received March 17, 2021; Accepted August 9, 2021 

Abstract 
This study aims to examine the impact of Variable Electrical Field (VEF) on blood rheological (Casson) 
fluid flow through a micro annular channel embedded in a porous medium. The implication of is to 
generate electromagnetohydrodynamic force function the Variable electrical field (VEF) has been 
considered as a function of temperature. In most of the literature, the thermophysical properties of 
the fluid are assumed to be unchanged. However, this present study bridges this gap by assuming that 
viscosity, conductivity, and electrical field are all temperature-dependent. The current study provides 
fast convergent methods on the finite interval, namely Spectral collocation method (SCM) are used to 
analyzes the fluid flow, temperature field, skin friction, and Nusselt number. The equations controlled 
were first non-dimensional and then simplified by a similarity transformation to ordinary nonlinear 
differential equations. It was deduced that; the flow field was reduced as variable thermal and electrical 
field parameters were increased.This finding has a significant impact on the treatment of hyperthermia, 
especially in terms of understanding/regulating blood flow. 
Keywords Variable electrical field (VEF); Blood rheological (Casson); Electromagnetohydrodynamic; Spectral 
collocation method (SCM). 

1. Introduction

In modern scientific and engineering problems, Magnetohydrodynamics (MHD) is one of
the important areas for progress. Moreover, this scientific area can also be regarded as a 
subsection of fluid mechanics dealing with reciprocal interactions between a magnetic field 
externally applied and electrically leading fluid flows [1]. These various applications will occur 
with the MHD flow phenomenon in the MHD flux of biomagnetic fluids like human blood, with 
fluid dynamics and heat transfer problems [2]. In different fields of bioengineering and medical 
science that use blood as the moving biological fluid, this issue is very useful. Besides, blood 
is well known to have a magnetically moving function and an important role to play in trans-
portation through the human body of substrates and other molecules between tissues and 
organs [3]. The work of  Hartmann and Lazarus first conducted an experimental trial of the 
new MHD stream in a lab [4]. Initially, Hartmann and Lazarus carried out experiments with 
modern MHD flow in a laboratory.  Also , a theoretical analysis of mixed convection and MHD 
effect was discussed by [5]. The work of Oja and Gireesha use a numerical method to analyze 
the hall effects on a couple of stress fluid with heat generation impact [6].   

The ability of a material to conduct heat is measured by its thermal conductivity. It is well 
known that when a fluid is exposed to heat, its physical properties can change dramatically. 
The heat generated by inner friction and the corresponding increase in temperature in lubri-
cating fluids affects of viscosity cannot be underestimated. Temperature increase gives rise to 
a local increase in the phenomena of transport, by reducing viscosity across the momentum 
boundry layer, which also greatly influences the wall heat transfer rate. Fluids can undergo 
extreme conditions in industrial systems, such as high temperature and pressure, high shear 
rates, and external heating (environmental heating), each of which can result in high fluid 
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temperatures. Each substance defining its thermal conductivity is distinguished by its peculi-
arity. It plays an important role in the transfer of heat. Due to its extensive examples in 
industry and engineering, there has been a concern about temperature conductivity. Several 
scholars [7-9] assumed physical properties like thermal conductivity to be constant, however, 
practical results show that thermal conductivity is strongly influenced by temperature differ-
ences, particularly when they are large. The influence of viscosity is deliberated as constant 
in numerous soundings. The work of Rahman et al. studied the effect of variable viscosity and 
thermal conductivity effects in the micropolar flux movement [10]. Their research shows that 
the thermal conductivity and slip increase the thickness of the energy limit layer. The mixed 
convection with variable viscosity and convection of water in the boundary layer over a non-
stationary vertical plate is studied by [11]. It was shown that the free-stream speed has a 
significant impact on the speed profile. 

A microchannel is a semiconductor cylinder that enhances electrical flow. In fluid controlling 
and heat transfer, microchannels are used [12]. The geometry of micro-fluidic systems is ex-
tremely important, consequently, the import of convective transport phenomena in micro-
channels and micronutrients has dramatically increased in [13]. scientists have provided re-
search on heat transfer and pressure drop for laminar flow in microchannels in recent years [14]. 
Obalalu [3] exhibited that the utilizing of rheological CF to enhance the behavior of thermody-
namics for better cooling. Hari and Harshad [15] discussed the Importance of Radiative Casson 
fluid and the chemical reaction of Hydromagnetic flow passing through an oscillating vertical 
plate. A semi-analytical study has been performed by Obalalu [1] in examining the rheological 
Casson fluid on hydrodynamic Natural Convective flow with a porous material. Other recent 
geometrical investigations of porous annuli include buoyant convection production in double-
passage vertical annuli with unheated entry and porosity [16]. Sankar et al. investigated mag-
neto-convective heat transfer in vertical porous annuli using a computational model to exam-
ine the viscous dissipation [17]. The production of natural convection in vertical porous annuli 
subjected to isothermal adiabatic thermal conditions and the electro magnetohydrodynamic 
flow with the irreversible study of a porous asymmetric microchannel under the influence of 
Joule heating was proposed by [18].  Obalalu et al. [19] scrutinized the magnetic field and heat 
generation effect on unsteady vertical hydrodynamic flow through a porous channel with con-
vective boundary conditions.  

In many branches of many fields of science, engineering, and food processing, Casson fluid 
(CF) has received significant attention Oil, honey, jelly, and paint are common examples of 
common commodities exhibiting CF properties [1]. Casson fluid (CF) is a non-Newtonian fluid 
with shear thinning, yield stress, and high shear viscosity. It acts like an elastic solid at low 
shear strain, while it acts like a Newtonian fluid at above critical yield stress  [20]. Casson first 
established the CF model [21]). The study defines the pigment-oil suspension prediction flow. 
The Newtonian fluid model was shown to decrease to non-Newtonian fluid particularly when 
the stress on the wall is above the yield stress. CF flow from hydromagnetic and thermal 
convection heat transfer to a stretched permeable surface was reported [22].  

There has been no consideration of the impact of variable electronic conductivity in the 
above study. Engineers can take sufficient electrical conductivity from fluids to regulate sev-
eral metallurgical processes. The use of fourth order Runge-Kutta method and shooting iter-
ation scheme has been used to investigate steady MHD convection flow, with variable electrical 
conductivity and thermal generation along with an isothermal vertical plate [23]. Chen, and 
Dani [24] investigated Impact of Maxwell-Wagner polarization on soil complex dielectric per-
mittivity in the existence of electrical conductivity. They assumed that electrical conductivity 
varies with temperature and that the Prandtl number is low. 

As a follow-up to the aim, the comprehensive discussion of the current scientific manuscript 
requires adequate answers to some motivating research questions. Here are a few examples, 
but not exclusively: 
1. What is the relevant way to express variable electrical conductivity, thermal conductivity, 

and variable viscosity on blood rheological (Casson) fluid flow?  
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2.  How can the Skin friction along with the Nusselt number benefit from using Annular Micro-
Channel?  

3. what is the effect of the thermophysical properties, Casson parameter, heat source param-
eter, melting parameter, Hartman number, suction/injection parameter on blood rheologi-
cal (Casson) fluid flow through the micro annular channel in the existence of variable elec-
trical conductivity? 

4.  How can the blood rheological (Casson) be apply Numerically using  the spectral collocation 
method (SCM)? 
This present work will provide adequate answers to this  scientific questions. This study 

believes the assumption of constant fluid properties looks unrealistic, however this present 
study bridges this gap by assuming that viscosity, conductivity, and electrical field are all 
temperature-dependent.  

2. Model formulation 

 
Figure 1. Physical model coordinate system 

The thermophysical/electrical proper-
ties of blood rheological fluid motion in an 
inclined micro annular porous channel 
with slip/jump effect were assumed vari-
able in the flow assumption of steady, 
MHD conducting, fully developed, incom-
pressible, and dissipative fluid flow trans-
fer of heat and nonlinear convective pro-
cess of heat transfer. The annular walls 
are subjected differently to heat with the 
outer surface of the inner porous cylinder 
sustained at a temperature 𝑊𝑊1 while the 
inner surface of the outer porous cylinder 
at a temperature 𝑊𝑊2. Natural convection 
takes place because of the diversity of 
temperatures. Figure 1 showing the outer 

and inner cylinder radii of the microchannel suspended at an angle𝜋𝜋, 𝐶𝐶1 and 𝐶𝐶0 while the y axis 
is moved into the flow path, the x axis is moved into the microchannel. 
𝛻𝛻 ⋅ �⃗�𝐹 = 0 (1) 

𝜌𝜌���⃗�𝐹 ⋅ 𝛻𝛻��⃗�𝐹� = 𝐽𝐽×𝐵𝐵0 + 𝜇𝜇𝛻𝛻2�⃗�𝐹 −
𝜇𝜇
𝑘𝑘𝑝𝑝
�⃗�𝐹 − 𝜌𝜌𝐾𝐾 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔[𝛼𝛼] − 𝛻𝛻𝛻𝛻 (2) 

𝜌𝜌𝑔𝑔𝑝𝑝���⃗�𝐹 ⋅ 𝛻𝛻�𝑇𝑇� = 𝜅𝜅𝛻𝛻2𝑇𝑇 + 𝜇𝜇�𝛻𝛻�⃗�𝐹 ⋅ 𝛻𝛻�⃗�𝐹� + 𝑄𝑄 (3) 
The kinematic viscosity, variable viscosity, and thermal conductivity as an exponential func-

tion of temperature, a variable electrical conductivity as a linear temperature function, and 
the buoyancy force non-linear representation are as follows for an isentropic and incompress-
ible Casson fluid. 
 𝜇𝜇(𝑇𝑇) = 𝜇𝜇0𝑒𝑒−𝛾𝛾1(𝑊𝑊−𝑊𝑊0),    𝜅𝜅(𝑇𝑇) = 𝜅𝜅0𝑒𝑒−𝛾𝛾2(𝑊𝑊−𝑊𝑊0),   𝜎𝜎∗ = 𝜎𝜎0[1 + 𝛾𝛾0(𝑊𝑊 −𝑊𝑊0)],    𝜌𝜌𝐾𝐾

= −[𝑘𝑘𝑎𝑎(W −𝑊𝑊0) + 𝑘𝑘𝑏𝑏(W −𝑊𝑊0)2], 𝜈𝜈 = �1 +
1
𝐶𝐶
�
𝜇𝜇
𝜌𝜌
 

(4) 

To estimate the suction/injection rate at the cylinder surfaces, we assume the suction/in-
jection at the outer surface of the inner cylinder to be as 𝐹𝐹 = 𝐹𝐹0 while injection/suction rate at 
the inner surface of the outer cylinder is taken to be 𝐹𝐹 = 𝐹𝐹0

𝑑𝑑1
𝑑𝑑0

. Integrating Equation (1) we obtain 

𝐹𝐹 = 𝐹𝐹0
𝑑𝑑1
𝑑𝑑

 (5) 

The following are the governing systems for electrically conducting, fully developed, Casson 
fluid flow through an inclined porous medium the assumptions of fluid properties, variable 
electric field, steady, absence of pressure, and suction/injection effect defined above: 
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𝐹𝐹
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= �1 +
1
𝛽𝛽
�

1
𝑑𝑑
𝑑𝑑
𝑑𝑑𝑑𝑑

�𝜇𝜇(𝑇𝑇) 𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� + 𝑔𝑔𝜌𝜌0 𝑔𝑔𝑔𝑔𝑔𝑔 𝛼𝛼 [𝑘𝑘𝑎𝑎(𝑇𝑇−𝑇𝑇0) + 𝑘𝑘𝑏𝑏(𝑇𝑇−𝑇𝑇0)2] − �

𝜎𝜎∗𝐵𝐵02

𝜌𝜌0
+
𝜇𝜇(𝑇𝑇)
𝑘𝑘𝑝𝑝

�1 +
1
𝛽𝛽
�� 𝑑𝑑, 

(6) 

 

𝐹𝐹
𝑑𝑑𝑊𝑊
𝑑𝑑𝑑𝑑

= + �1 +
1
𝐶𝐶
�
𝜇𝜇(𝑊𝑊)
𝜌𝜌0𝑔𝑔𝑝𝑝

�
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

+
𝑄𝑄∗

𝜌𝜌0𝑔𝑔𝑝𝑝
(𝑊𝑊 −𝑊𝑊0) +

1
𝜌𝜌0𝑔𝑔𝑝𝑝

1
𝑑𝑑
𝑑𝑑
𝑑𝑑𝑑𝑑

�𝜅𝜅(𝑊𝑊)𝑑𝑑
𝑑𝑑𝑊𝑊
𝑑𝑑𝑑𝑑

� 
(7) 

Subject to the boundary conditions 

𝑑𝑑 = �1 +
1
𝐶𝐶
�𝛽𝛽𝑣𝑣𝜆𝜆

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

,𝑊𝑊 = 𝑊𝑊1 + 𝛽𝛽𝑡𝑡
2𝛾𝛾
𝛾𝛾 + 1

𝜆𝜆

𝛻𝛻𝑃𝑃 𝑑𝑑𝑊𝑊𝑑𝑑𝑑𝑑 𝑎𝑎𝑎𝑎 0

 

𝑑𝑑 = −�1 +
1
𝐶𝐶
�𝛽𝛽𝑣𝑣𝜆𝜆

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

,𝑊𝑊 = 𝑊𝑊0 − 𝛽𝛽𝑡𝑡
2𝛾𝛾
𝛾𝛾 + 1

𝜆𝜆

𝛻𝛻𝑃𝑃 𝑑𝑑𝑊𝑊𝑑𝑑𝑑𝑑 𝑎𝑎𝑎𝑎 1

 

 
 
(8) 

where 
20 0 0 1 0 0

0 0 2
0 1 0 1 0

( )= , , = , , = , = .at d C gk W W W Wuh C C f h h
h h C W W

θ
ρξ η

μ
- - -= - =

- 𝛽𝛽𝑣𝑣 = 2−𝜎𝜎𝑣𝑣
𝜎𝜎𝑣𝑣

,𝛽𝛽𝑡𝑡 = 2−𝜎𝜎𝑡𝑡
𝜎𝜎𝑡𝑡

, 𝜆𝜆 = �𝜋𝜋𝜋𝜋𝑇𝑇0/2𝜇𝜇0
𝜌𝜌0

 

(9) 

equation (6) and  (7) becomes 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑊𝑊

𝛿𝛿𝛻𝛻𝑃𝑃

𝜂𝜂 + (1 − 𝜂𝜂)𝑤𝑤𝛻𝛻𝑃𝑃 �𝜒𝜒𝑑𝑑 + 𝐸𝐸𝑔𝑔𝑒𝑒−𝐵𝐵1𝜃𝜃 �1 + 1
𝑔𝑔� �

𝑑𝑑𝑑𝑑
𝑑𝑑𝑤𝑤�

2
� 1

𝜂𝜂 + (1 − 𝜂𝜂)𝑎𝑎 𝑑𝑑
𝑑𝑑𝑤𝑤 �[𝜂𝜂 + (1 − 𝜂𝜂)𝑊𝑊]𝑒𝑒−𝐵𝐵2𝜃𝜃 𝑑𝑑𝑑𝑑𝑑𝑑𝑤𝑤�

 (10) 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑤𝑤

𝛿𝛿𝛻𝛻𝑃𝑃

𝜂𝜂 + (1 − 𝜂𝜂)𝑤𝑤𝛻𝛻𝑃𝑃 �𝜒𝜒𝑑𝑑 + 𝐸𝐸𝑔𝑔𝑒𝑒−𝐵𝐵1𝜃𝜃 �1 + 1
𝛽𝛽� �

𝑑𝑑𝑑𝑑
𝑑𝑑𝑤𝑤�

2
� 1

𝜂𝜂 + (1 − 𝜂𝜂)𝑎𝑎 𝑑𝑑
𝑑𝑑𝑤𝑤 �[𝜂𝜂 + (1 − 𝜂𝜂)𝑤𝑤]𝑒𝑒−𝐵𝐵2𝜃𝜃 𝑑𝑑𝑑𝑑𝑑𝑑𝑤𝑤�

  
(11) 

while boundary conditions become. 

𝑑𝑑 = �1 +
1
𝐶𝐶
�𝛽𝛽𝑣𝑣𝐾𝐾𝐾𝐾

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎

,𝑑𝑑 = 1 + 𝐺𝐺𝛽𝛽𝑣𝑣𝐾𝐾𝐾𝐾
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎

, 𝑎𝑎𝑎𝑎 𝑤𝑤 = 0, 

𝑑𝑑 = −�1 +
1
𝐶𝐶
�𝛽𝛽𝑣𝑣𝐾𝐾𝐾𝐾

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎

,𝑑𝑑(𝑎𝑎) = −𝐺𝐺𝛽𝛽𝑣𝑣𝐾𝐾𝐾𝐾
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎

, 𝑎𝑎𝑎𝑎 𝑤𝑤 = 1. 

(12) 

where 
2 2

02 0 0 0 0
1 0 2

0 0 1 0
0 *

2
3 0 1 0 1 1 1 0 2 2 1 0

1 2 0

(1 ) (1 )
= , ( ) , = , = , , = , = , ,

(1 )
2 1, = , ( ), B ( ), B ( )..

( ) 1

p pb t

a v

t
t

p t p

c kB k k d
Ha W W G Kn Pr Da

k d h k
h QEc B W W W W W W

c W W Pr c

µσ η η β λε δ η
µ ρ µ β η

σ γβ γ γ γ χ η
ρ σ γ µ

− −
= − = = − 


− = = − = − = − = − +  

(13) 

We present the flow volumetric rate as follows; 

𝑄𝑄(𝑤𝑤) = 2𝜋𝜋� 𝑎𝑎𝑑𝑑(𝑤𝑤)𝑑𝑑𝑤𝑤
1

0
 

(14) 

The Skin friction and Nusselt number accordingly. 

𝜏𝜏0,1 = �1 +
1
𝐶𝐶
�
𝑑𝑑𝑑𝑑
𝑑𝑑𝑤𝑤

�
𝑤𝑤=0,1

,𝑁𝑁𝑑𝑑0,1 = −
𝑑𝑑𝑑𝑑
𝑑𝑑𝑤𝑤

�
𝑤𝑤=0,1

. (15) 

2.1. Spectral collocation method (SCM) 

SCM is an approximate solution method for the differential equation of the form:  
𝐿𝐿(𝑑𝑑(𝑧𝑧)) + 𝑔𝑔 = 0 

with boundary conditions (BCs) in the domain 𝐷𝐷. L denotes differential operator on depend-
ent function 𝑑𝑑(𝑧𝑧), and g is a known function. A solution satisfying boundary conditions (BCs) 
is assumed for 𝑑𝑑(𝑧𝑧) as  

𝑑𝑑 = �
𝑁𝑁

𝑖𝑖=0

𝑑𝑑𝑖𝑖𝑇𝑇𝑖𝑖(2𝑧𝑧 − 1) 
(16) 
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Here, 𝑑𝑑𝑖𝑖 are the unknown coefficients of trial functions 𝑇𝑇𝑖𝑖(2𝑧𝑧 − 1) to be determined. 𝑇𝑇𝑖𝑖(2𝑧𝑧 −
1) are shifted Chebyshelve base function from [−1,1] to [0,1]. Equation (11) and (12) is substi-
tuted into equation (17), resulting in error or residue. This error is forced to vanish by using 
the collocation method as follows 

𝑑𝑑𝑔𝑔𝑃𝑃  𝛿𝛿�𝑧𝑧 − 𝑧𝑧𝑗𝑗� = �
1, 𝑧𝑧 = 𝑧𝑧𝑗𝑗
0, 𝑔𝑔𝑎𝑎ℎ𝑒𝑒𝑃𝑃𝑤𝑤𝑒𝑒𝑔𝑔𝑒𝑒, 

(17) 

�
1

0
𝑅𝑅𝑢𝑢(𝑧𝑧,𝑑𝑑𝑖𝑖)𝛿𝛿�𝑧𝑧 − 𝑧𝑧𝑗𝑗�𝑑𝑑𝑧𝑧 = 𝑅𝑅𝑢𝑢�𝑧𝑧𝑗𝑗 ,𝑑𝑑𝑖𝑖� = 0,      𝑑𝑑𝑔𝑔𝑃𝑃  𝑗𝑗 = 1, 2, . .𝑁𝑁 − 1 

(18) 

where 𝑧𝑧𝑗𝑗 = 1
2
�1 − 𝑔𝑔𝑔𝑔𝑔𝑔 �𝑗𝑗𝜋𝜋

𝑁𝑁
�� are shifted Gauss-Lobatto points. As such, Equation (19) forms a 

system of algebraic equations to be solved to obtain the values of constant coefficients 𝑑𝑑𝑖𝑖 

2.2. Application of spectral collocation method (SCM) 

Solutions are assumed for 𝑑𝑑(𝜂𝜂), 𝑑𝑑(𝜂𝜂),ϕ(0) respectively as follows:   

𝑑𝑑(𝑎𝑎) = �
𝑁𝑁

𝑖𝑖=0

𝑎𝑎𝑖𝑖𝑇𝑇𝑖𝑖(2𝜂𝜂 − 1),      𝑑𝑑(𝜂𝜂) = �
𝑁𝑁

𝑖𝑖=0

𝑏𝑏𝑖𝑖𝑇𝑇𝑖𝑖(2𝜂𝜂 − 1) (19) 

𝑎𝑎𝑖𝑖 and 𝑏𝑏𝑖𝑖 are unknown coefficients to be determined, and 𝑇𝑇𝑖𝑖(2𝜂𝜂 − 1) are the shifted Chebyshev 
base function. To obtain constant coefficients values, equation (19) is substituted into bound-
ary conditions to have   

��
𝑁𝑁

𝑖𝑖=0

𝑎𝑎𝑖𝑖𝑇𝑇𝑖𝑖(2𝜂𝜂 − 1) − �1 +
1
𝛽𝛽
�𝛽𝛽𝑣𝑣𝐾𝐾𝐾𝐾

𝑑𝑑
𝑑𝑑𝑎𝑎
�
𝑁𝑁

𝑖𝑖=0

𝑎𝑎𝑖𝑖𝑇𝑇𝑖𝑖(2𝜂𝜂 − 1)�
𝑡𝑡=0

= 0,  

��
𝑁𝑁

𝑖𝑖=0

𝑎𝑎𝑖𝑖𝑇𝑇𝑖𝑖(2𝜂𝜂 − 1) − 1 − 𝐺𝐺𝛽𝛽𝑣𝑣𝐾𝐾𝐾𝐾
𝑑𝑑
𝑑𝑑𝑎𝑎�

𝑁𝑁

𝑖𝑖=0

𝑎𝑎𝑖𝑖𝑇𝑇𝑖𝑖(2𝜂𝜂 − 1)�
𝑡𝑡=0

= 0, 

��
𝑁𝑁

𝑖𝑖=0

𝑎𝑎𝑖𝑖𝑇𝑇𝑖𝑖(2𝜂𝜂 − 1) + �1 +
1
𝛽𝛽
�𝛽𝛽𝑣𝑣𝐾𝐾𝐾𝐾

𝑑𝑑
𝑑𝑑𝑎𝑎�

𝑁𝑁

𝑖𝑖=0

𝑎𝑎𝑖𝑖𝑇𝑇𝑖𝑖(2𝜂𝜂 − 1)�
𝑡𝑡=1

= 0,   

��
𝑁𝑁

𝑖𝑖=0

𝑎𝑎𝑖𝑖𝑇𝑇𝑖𝑖(2𝜂𝜂 − 1) + 𝐺𝐺𝛽𝛽𝑣𝑣𝐾𝐾𝐾𝐾
𝑑𝑑
𝑑𝑑𝑎𝑎�

𝑁𝑁

𝑖𝑖=0

𝑎𝑎𝑖𝑖𝑇𝑇𝑖𝑖(2𝜂𝜂 − 1)�
𝑡𝑡=1

= 

(19) 

In the same manner, equation (20) is also substituted into Equation (11) and (12)to yield 
residues 𝑅𝑅𝑢𝑢(𝜂𝜂, 𝑎𝑎𝑖𝑖) and 𝑅𝑅𝜃𝜃(𝜂𝜂, 𝑎𝑎𝑖𝑖 , 𝑏𝑏𝑖𝑖). As such, the residues are minimized using collocation method 
as follows  

�
1

0
𝑅𝑅𝑓𝑓𝛿𝛿�𝜂𝜂 − 𝜂𝜂𝑗𝑗�𝑑𝑑𝜂𝜂 = 𝑅𝑅𝑓𝑓�𝜂𝜂𝑗𝑗, 𝑎𝑎𝑖𝑖� = 0,      𝑑𝑑𝑔𝑔𝑃𝑃  𝑗𝑗 = 1, 2, . .𝑁𝑁 − 1 (20) 

�
1

0
𝑅𝑅𝜃𝜃𝛿𝛿�𝜂𝜂 − 𝜂𝜂𝑗𝑗�𝑑𝑑𝑑𝑑 = 𝑅𝑅𝜃𝜃�𝜂𝜂𝑗𝑗, 𝑎𝑎𝑖𝑖 , 𝑏𝑏𝑖𝑖� = 0,      𝑑𝑑𝑔𝑔𝑃𝑃  𝑗𝑗 = 1, 2, . .𝑁𝑁 − 3 (21) 

Table 1. SCM solutions in various approximation orders of convergence when 𝐻𝐻𝑎𝑎 =  1, 𝜂𝜂 =
0.5,  𝛽𝛽 = 0.2,  𝐷𝐷𝑎𝑎 = 1, 𝜀𝜀 = 1.5,  𝐵𝐵1 = 𝐵𝐵2 = 𝐵𝐵3 = 0.2, Pr = 0.71,  𝑆𝑆 = ±0.5,   𝛼𝛼 = 𝜋𝜋

3
,  𝜒𝜒 = 0.1,  𝐺𝐺 = 5,   𝛽𝛽𝑣𝑣𝑘𝑘𝐾𝐾 =

0.05,  where 𝜂𝜂𝑗𝑗 = 1
2
�1 − 𝑔𝑔𝑔𝑔𝑔𝑔 �𝑗𝑗𝜋𝜋

𝑁𝑁
��. Thus, Eqs. (15-17) produce 2N+2 system of algebraic equa-

tions with 2N+2 unknown coefficients (𝑎𝑎𝑖𝑖 , 𝑏𝑏𝑖𝑖). The equations are solved by the Newton method 
using the Mathematical symbolic package MATHEMATICA 11.3 to obtain the values of constant 
coefficients. 
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Table 2. SCM solutions in various approximation 
orders of convergence 
 

Number 
of itera-
tion (N) 

−𝑑𝑑′′(𝜂𝜂) -θ'(0) ϕ'(0) 

4 3.054620 0.233124 0.358571 
6 3.004633 0.180744 0.297306 
8 3.002122 0.98752 0.06982 
10 3.001933 0.987525 0.06982 
12 3.001933 0.98752 0.06982 
14 3.001933 0.180557 0.296766 
16 3.001933 0.180557 0.296766 
20 3.001933 0.180557 0.296766 
24 3.001933 0.180557 0.296766 
30 3.001933 0.180557 0.296766 

 
 

Figure. 2. Minimized residual error 
 

3. Validation, computational results, and discussion  

In the context of the mentioned structure, the thermophysical properties of Casson flow on 
the nonlinear convective flow of blood rheological motion in annular micro-channel with po-
rosity using numerical. The values Ha =  1, η = 0.5,  β = 0.2,  Da = 1, ε = 1.5,  B1 = B2 = B3 = 0.2, Pr =
0.71,  S = ±0.5,   α = π

3
,  χ = 0.1,  G = 5,   βvkn = 0.05, as the default flow parameters for this numerical 

simulation, unless otherwise noted, have particularly been chosen for all table and graphical 
illustrations. To further confirm the results, a relation between the Spectral collocation method 
(SCM) and homotopy analysis method (HAM) is shown in Table 2, also the difference between 
the Spectral collocation method (SCM) and homotopy analysis method (HAM) is denoted by 
d. From Table 2, It has been found that B2 variable thermal conductivity, β Casson parameter, 
and Ha Hartman number Parameters have a propensity to enhance Skin friction, while B2 
variable thermal conductivity, B1 variable viscosity, and 𝛼𝛼 inclination angle tend to slow it 
down. The heat transfer is enhanced when B1 variable viscosity α and c Casson parameter are 
increased. An increase in B2 variable thermal conductivity, B3 variable electrical conductivity, 
and Ha parameter indicates a reversal of the trend. Figure 2(a,b) presented in numerical form 
in Table 4 Table 5.  Table 4 shows that B3 variable electrical conductivity has a minor effect 
on fluid temperature, but this effect is not visible on the graph. Table 4 shows that temperature 
continues to fall from η=0.1 to η=0.4, while from η=0.6 to η=1.0, B2 variable thermal con-
ductivity shows an ability to reduce the fluid temperature. 

Table 3. Comparison of the Spectral collocation method (SCM) and homotopy analysis method (HAM) 
with difference values 

c B1 Ka B2 B3 SCM HAM |𝑑𝑑| 
0.4     5.21464 5.21165 0.00000 
0.5     5.24191 5.24191 0.00000 

 0.3    5.19715 5.19815 0.00000 
  0.5   5.25149 5.25149 0.00000 
  0.04   5.10386 5.10383 0.00003 
  0.06   5.10672 5.10668 0.00004 
    0.9 5.21544 5.15543 0.00001 
    1.8 4.09825 4.09826 0.00001 
   0.2  5.24885 5.24884 0.00001 
   0.5  5.19233 5.19432 0.00001 
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Table 3. Values of skin-friction, and Nusselt number for different parameters  

B1 B2 B3 𝛼𝛼 β Ha Skin fric-
tion 

Nusselt 
number 

0.7      5.68857 2.39230 
1.5      5.63610 2.41282 
2.0      5.60342 2.49307 

 0.01     5.59999 1.49146 
 0.05     5.60166 1.47690 
 0.07     5.60333 1.46252 
  0.1    5.66937 1.49957 
  0.2    5.52734 1.49013 
  0.4    5.49573 1.48277 
   𝜋𝜋/6   1.66837 1.50513 
   𝜋𝜋/5   5.65878 1.40524 
   𝜋𝜋/4   5.64368 1.50530 
    0.3  5.58279 1.50255 
    0.5  5.63016 1.51270 
    0.9  5.67990 1.52368 
     0.4 5.60923 1.47887 
     0.6 5.64416 1.39079 
     0.8 5.69392 1.29054 

Table 4. Effect of variable electrical conductivity (B3) on the temperature profile 

𝜂𝜂 0.1 0.2 0.4 0.6 0.8 1.0 
B3=0.1 1,099500 0.518484 0.247139 0.119627 0.058668 0.029054 
B3=0.3 1,099500 0.509459 0.243169 0.119894 0.060664 0.031242 
B3=0.5 1,099500 0.502553 0.240365 0.120271 0.062239 0.032888 
B3=0.7 0,006846 0.003030 0.001044 -8.361909×10-18  
B3=0.9 0,008017 0.003691 0.001318 -1.928525×10-17  
B3=1.0 0,008867 0.004169 0.001514 -1.324082×10-17  

Table 5. Effect of variable electrical conductivity (B3) on the temperature profile 

𝜂𝜂 0.1 0.2 0.4 0.6 0.8 1.0 
B3=0.1 1.110223×10-16 1.034678 0.794341 0.670473 0.599357 0.565011 
B3=0.3 1.110223×10-16 1.094751 0.855088 0.716909 0.631038 0.585281 
B3=0.5 2.220446×10-16 1.141179 0.900692 0.751129 0.654171 0.600058 
B3=0.7 0.547432 0.534347 0.529838 0.527093 0.524875   
B3=0.9 0.559761 0.541413 0.533488 0.528522 0.524875   
B3=1.0 0.568785 0.546624 0.536206 0.529597 0.524875   

Figure 2(a, b). Shows the thermal properties for different values for the rarefaction param-
eter, for velocity and temperature. A rise in the rarefaction value suggests an increase in 
speed and temperature, which reduces the inhibiting impacts of the boundaries. The fluid 
velocity is much higher near both boundaries. This is because, due to the rise in BvKn, speed 
and temperature jumps are increased, which reduces the amount of heat transfer to the fluid 
from the cylinder surfaces. The decrease in the thermal transfer lowers fluid efficiency and 
reduces fluid speed far from the outside surface of the internal cylinder (near the interior 
surface of the exterior cylinder). The increase in speed caused by declining frictional retardants 
close to the surfaces of the cylinders neutralizes velocity reduction because of the decrease in 
heat transfer. Furthermore, as the radius ratio (η) increases, the slip due to rarefaction in-
creases. The effect of the curvature radius on flow and thermal profiles in Figure 2(c) is graph-
ically illustrated. The free fluid flow area physically permits fluid particles to flow freely, re-
sulting in higher speed and power owing to collisions between the medium and the liquid 
particles, which reduce the inner binding force inside the fluid particles. A significant annular 
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gap ratio with both constant and variable thermal effects is shown in Figure 2(d). It's worth 
noting that a higher temperature on both surfaces is correlated with a higher ratio of curva-
ture. Similarly, an increase in Darcy numbers and continual infusion of Casson fluid promotes 
the velocity area. (Fig. 2(e and f)). Figure 2e As the number of Darcy rises, so does the 
permeability of the fluid. The fluid's speed rises with the continual rising, as seen in Figure. 
2f. The neutralization of a non-Newtonian fluid to a Newtonian fluid is physically achieved. 
Figure 2 depicts the amount of results obtained as a result of the initial layer improvement 
and the corresponding outcomes (e, f). 

 
Figure 1(a, b, c, d, e, f). thermo properties, rarefaction parameter, radius ratio, Darcy, Casson parameter 

Figure 3(a, b). Depicts the effect of thermophysical on flow velocity and temperature under 
the impact of suction/injection. The suction force on the flow particles, caused by a low pres-
sure, dominates the velocity field in the case of injection in flow ranges (insertion of fluid 
particles). The suction effect mechanically transports fluid particles near to the cylinder sur-
faces, whereas the injection effect indicates a continual buildup of fluid particles. Variable 
viscosity has a favorable influence on the flow field, but this is due to flow resistance, whereas 
thermal conductivity reduces both speed and thermal profiles. Both the speed and thermal 
profiles were lowered as a result of the thermal conductivity Figure 3 (b, c)). The influence of 
the Hartmann number on velocity is shown in Figure 3 (d, e) and the variable electrical field 
effect. As the number of Hartmann increases, fluid velocity, and temperature decrease. It 
reduces the velocity of the fluid and the effects of variable characteristics are determining the 
flow speed in the area .  However, the field in the area decreased. The flow field has negatively 
affected the performance of the electric variable field (see Figure 3 (f)) This is true physically 
since, in the existence of electrically conducting liquids, the impact of the magnetic field gen-
erates the Lorentz force which leads to fluid flow retardation and a reduction of the speed of 
flow through the flow. The effect of the non-linear convection parameter and angle of inclina-
tion on the flow rate is shown in (see Figure 3 (g)). The increase in the non-linear convection 
term increases the speed of the flow. Variable thermal effects are greater than constant ther-
mal effects in both cases of the speed(see Figure 3 (h)). The flow rate is reduced by an in-
creased inclination angle. The thermal of a heat generation parameter is shown in (see Figure 
3 (i). The effect of constant thermal, variable thermal and heat generation on temperature of 
the liquid increase. 
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Figure 2(a, b, c, d, e, f, g, i). Effect of variable properties under Suction/Injection condition, Suction/In-
jection and Hartmann number, variable properties, variable electrical field (f)   

 
Figure 3(a, b). impact of thermo properties on velocity and temperature for different values of the 
fluid-wall interaction parameter 
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Figure 4(a,b) shows the effect on velocity and temperature profile of the the fluid wall 
interaction parameter. a significant decrease in fluid velocity and template, leading to a slip 
velocity increase close to the outside surface of the inner cylinders while the reverse perfor-
mance on the inner surface is detected. 

4. Conclusion 

To examine the performance of Casson velocity fluid, temperature field, the variable con-
ductivity, viscosity, and variable electrical field (VEF) was used. the best possible solution for 
the skin friction and heat transfer rate of blood rheological (Casson) through an Inclined An-
nular Micro-Channel using Spectral collocation method (SCM)). 

1.  It was deduced that; the flow field was reduced as variable thermal and electrical field 
parameters were increased., while the viscosity parameter resulted in a trend of appreciation.  

2. The curvature radius of both the momentum and energy distributions was increased.,  
3. As compared to the insertion of fluid particles, a higher Darcy number leads to a higher flow 

rate, and,  
4. The flow fields are control by force exerted on the liquid particles by partial vacuum. 

For future investigation: The dynamics in which the fluid behavior is evaluated and reg-
ulated through a microchannel in the microfluidics are a reduction mechanism in the develop-
ment of devices and are an enhancing factor in thermal energy. This device can be used on a 
micro heat exchanger, store cooling of grain, geothermal systems, oil extraction, groundwater 
contamination, nuclear waste storage, MHD micropumps, multidisciplinary thermal insulation 
areas, etc. To this purpose, investigations of a blood rheological (Casson) nonlinear convection 
flow mechanism in a ring microchannel containing a porous medium become crucial, as they 
enable the industry to understand and enhance the efficiency of the flow process. More studies 
may also include research into various fluid rheology and study of fluid thermophysical prop-
erties to predict proper flow (to achieve a remarkable convection process). Therefore SCM, 
implementation can be expanded to include different and multi-dimensional flow problems. 
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Nomenclature 

B0  magnetic flux density 𝜂𝜂  radii ratio parameter 
Cp  specific heat at constant pressure Da  Darcy Parameter 
βt, βv  dimensionless parameter k0  constant suction/injection velocity 
γ  ratio of specific heat g  gravitational acceleration 
d0  radius of inner porous cylinder R  specific gas constant 
d1   radius of the outer porous cylinder Ka   thermal conductivity 
β  Casson parameter ρ  fluid density 
𝜒𝜒  heat source parameter B1  variable viscosity 
𝜆𝜆  molecular mean free path B2  variable thermal conductivity 
To  temperature at the inlet B3  variable electrical conductivity 
T1   temperature at the outlet 𝜎𝜎𝑣𝑣  thermal accommodation 
Kn  Knudsen number 𝜎𝜎𝑡𝑡  tangential momentum accommodation 
𝛼𝛼  inclination angle 𝑑𝑑  dimensionless temperature 
Ha  Hartman number Ec  Eckert number 
𝜀𝜀  non-linear thermal convection T  fluid temperature 
G  wall–fluid interaction parameter f   dimensionless axial velocity 
Q  volume flow rate u  dimensional axial velocity 
𝜇𝜇0  dynamic viscosity 𝑑𝑑  dimensional radial coordinates 
𝛿𝛿  suction/injection parameter t  dimensionless radial coordinate 
𝜌𝜌0  fluid mixture density h  dimensionless gap between the cylinders 
Pr  Prandtl number   
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